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Abstract

This paper addresses the state observation and unknown input estimation of a class of switched linear systems with
unknown inputs. This class of systems may have modes in which the state is not fully observable. A state trans-
formation allows implementing two suitable reduced–order observers. The first one, based on second order sliding
mode techniques, is proposed to reconstruct the discrete state in the presence of unknown inputs. The second one,
based on gathering partial information from individual modes of the switched system and on higher order sliding
mode techniques, is introduced to estimate the continuous state. Then, the observer injection signal of the first second
order sliding mode observer is used to estimate the unknown inputs. Simulation results highlight the efficiency of the
proposed method.

Keywords: Switched linear systems, Hybrid observer, Sliding mode techniques, Unknown input estimation

1. Introduction

Switched systems are systems involving both continuous and discrete dynamics. They consists of a finite number
of subsystems and a discrete rule that dictates switching between these subsystems [18]. They are found in various
fields such as in manufacturing, power, automotive and chemical process industries. In the last two decades, many
works have been made with regard to the analysis and control of such systems ([9, 17, 18, 19, 21] for instance).

The observability and observer design problems for hybrid systems without unknown input have been studied
using different approaches. Indeed, some works only deal with the continuous state reconstruction while the active
mode is known, others consider both discrete and continuous state estimation [23]. An observer for hybrid systems
was designed in [3], to estimate both continuous and discrete states from the knowledge of the continuous and dis-
crete outputs. Observers based on the prediction errors was proposed in [12]. In [1], a Luenberger observer design
was based on finding a common Lyapunov function for the switching dynamics of the error system. A linear matrix
inequality (LMI) condition was derived such that the state estimation errors asymptotically converge to zero. A step
by step sliding mode observer was proposed in [4] for a special class of nonlinear switched systems. However, this
method generates a time delay which induces some irrelevant switching conditions between subsystems. A second
order sliding mode observer was used in [7] to reconstruct the discrete state in linear switched systems when the
continuous state is known. A super–twisting observer [13] has been used to estimate the capacitor voltage for multi-
cellular converters, which is modeled as a switched linear system. An algebraic observer [14], a high gain observer
[5] and a super–twisting observer [6, 24] have also been proposed to simultaneously reconstruct the continuous and
the discrete state for a class of hybrid systems through the observation of the measurable system outputs. Neverthe-
less, most of these techniques assume that each mode is observable in the classical sense and admits a state observer.
However, even though the individual modes are not observable in the classical sense, it is still possible to reconstruct
the state using the measurements over an interval which involves multiple switching times.
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A new characterization of observability, based on geometric conditions, was introduced in [25]. Using these
concepts, some observers have been derived for linear switched systems [25] and nonlinear systems [29] where the
individual subsystems are no longer required to be observable. However, the discrete state must be known.

Most of the above works did not address the observation problem for switched systems subject to unknown inputs.
Sliding mode observer schemes were introduced in [27, 26] for nonlinear non switched systems. In [7, 8], based on
a condition of strong detectability, an observation scheme for some classes of switched linear systems with unknown
inputs was designed. In [23], a high order sliding mode observer was proposed to solve the problem of continuous and
discrete state estimation for a class of observable nonlinear switched systems with unknown inputs. Nevertheless, to
the authors’ knowledge, there is no work which deal with continuous and discrete state estimation for switched linear
system with unknown input where each subsystem are not assumed to be observable in the classical sense.

In the present work, the continuous and discrete state observation and the unknown input reconstruction problems
for a class of switched linear systems are tackled. A state transformation allows implementing two suitable reduced–
order observers. The first one, based on second order sliding mode techniques, is proposed to reconstruct the switching
signal in uncertain conditions. Without the need of strong detectability condition and a common Lyapunov function,
the second one is designed to estimate the continuous state using partial information from individual modes. In this
second subsystem, motivated by the work in [25], the state components may only be partially observable for every
fixed configuration of the switches. Here, a high order sliding mode observer is used to reconstruct the observable
components of the state for every configuration. We also derive new relaxed requirements about the system dynamics.
Furthermore, as compared with the hybrid Luenberger observer [25], the proposed sliding mode scheme takes into
account the sampling interval while avoiding complex online computations. Then, a method to estimate the unknown
inputs is provided using the observer injection signal of the first second order sliding mode observer.

This paper is organized as follows. Section II deals with the problem formulation and presents the state transfor-
mation for the disturbance decoupling. In Section III, a second order sliding mode observer for the first subsystem
is proposed to reconstruct the switching signal in uncertain conditions. Section IV introduces the hybrid observer
for the second subsystem to estimate the continuous state. In Section V, the unknown input estimation is presented.
Section VI shows the effectiveness of the proposed strategy through simulation examples. Finally, some conclusions
are given.

2. Problem statement

2.1. Notations
Let Σ be an Euclidean subspace of Rn and A a matrix n× n.
• Σ⊥ is the orthogonal subspace of Σ

• AT is the transpose of A

• The pre-image of Σ under A is:
A−1Σ = {x | Ax ∈ Σ}

• Ker(A) is the null space of the transformation associated to A, i.e.

Ker(A) = A−1{0}

• Im(A) is the range of the transformation associated to A

• A† is the left pseudo inverse of A.
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2.2. Problem statement
Consider the following class of linear switched systems:

ẋ(t) = Aσ(t)x(t)+Bσ(t)u(t)+Dw(t)
y(t) = Cx(t) (1)

where x(t) ∈ R
n is the continuous state, y(t) ∈ R

p is the output, u(t) ∈ R
h is the known input and w(t) ∈ R

m is the
unknown input. The switching signal σ : R+ �→ {1, . . . ,N} is not assumed to be known. It is a piecewise constant
and right-continuous function that changes its values at switching times t k, k ∈ N. The so-called discrete state σ(t) =
σk ∈ {1, . . . ,N} determines the actual system dynamics among the possible N operating modes which corresponds to
a specific instance of matrices Aσk , Bσk . That is to say,

σ(t) = σk tk−1 ≤ t < tk (2)

where t0 = 0 and tk are the switching time instants.

The aims of this paper is to design an observer capable of estimating the continuous state x(t) in spite of the
unknown inputs w(t) and the unknown switching signal σ(t). A method for estimating the discrete state and the
unknown input of system (1) will be also proposed.

Definition 1. The minimal dwell time is a constant Tδ such that the class of admissible switching signals satisfies the
property that the switching time fulfills the inequality tk+1 − tk ≥ Tδ for all k.

Assumption 1. It is assumed that:

• The state x evolves in a bounded region.
• The Euclidean norm of u, w and their first time derivatives are upper–bounded by known positive constants.
• System (1) satisfies the minimal dwell time definition.
• m≤ n and m< p

• rank(CD) = rank(D) = m
First and second points in Assumption 1 are not restrictive since for a physical system, these variables evolve in a
bounded region. Third point ensures the absence of undesired Zeno phenomenon, which roughly consists of high
frequency switchings at finite time instants. The last condition is equivalent to the classical matching condition in
fault reconstruction theory [10, 28]. Let us introduce the state transformation to decouple the unknown input w(t)
from a subset of the transformed state coordinates:

T =

[
D⊥

(CD)†C

]
U =

[
(CD)⊥
(CD)†

]
(3)

One should highlight that T is not singular. The transformed state is:

x̄=
[
xT1 xT2

]T
= Tx

with x1 ∈ R
n−m and x2 ∈ R

m. The transformed output is:

ȳ=
[
yT1 yT2

]T
=Uy

with y1 ∈ R
p−m and y2 ∈ R

m.
In the transformed domain, the system dynamics (1) becomes:

ẋ1(t) = A1σ(t)x1(t)+A2σ(t)x2(t)+B1σ(t)u(t)
ẋ2(t) = A3σ(t)x1(t)+A4σ(t)x2(t)+B2σ(t)u(t)+w(t)
y1(t) = C1x1(t)
y2(t) = x2(t)

(4)

with implicit definition of A1σ(t), A2σ(t), A3σ(t), A4σ(t), B1σ(t), B2σ(t) andC1.
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3. Discrete mode identification

From the transformed system and the measurement y2 = x2, a second order sliding mode observer can be designed
to reconstruct the discrete state in spite of the presence of unknown inputs.

From (4), let us first consider the following subsystem:

ẋ2(t) = A3σ(t)x1(t)+A4σ(t)x2(t)+B2σ(t)u(t)+w(t)
y2(t) = x2(t)

(5)

A stack of N sliding mode observers, each one associated to a different mode of operation is proposed: ∀i =
1, . . . ,N

˙̂x2,i(t) = A4ix̂2,i(t)+B2iu(t)+ vi(t) (6)
where vi(t) is the correction term that will be designed hereafter. The observer (6) embeds the known nominal
dynamics of the i−th location.

Let us define the output errors as follows:
e2,i = x̂2,i− x2 (7)

The correction terms are selected according to:

vi = −k1|e2,i| 1
2 sign(e2,i)+ vi,1

v̇i,1 = −k2 sign(e2,i)
(8)

Assumption 2. To guarantee the distinguishability of the current location, it is assumed that there are known positive
constants δ1 and δ2 such that, for any t ≥ δ1
∀i, j = 1, . . . ,N, i 
= j: ∫ t

t−δ1

∥∥φi, j(s)
∥∥ds≥ δ2 (9)

and ∫ t

t−δ1
‖φi,i(s)‖ds< δ2 (10)

where
φi, j(t) =−A3 jx1(t)+ (A4i−A4 j)x2(t)+ (B2i−B2 j)u(t)−w(t)

Restrictions (9)-(10) are needed to guarantee the distinguishability between modes. It is worth noticing that the term
φi, j(t) contains some unknown terms (i.e. the unknown input w(t) and the state x 1(t) which has not be yet estimated).
In the following remark, a way to estimate constants δ1 and δ2 is given if the unknown term ‖φ i, j(t)‖ is upper and
lower bounded by suitable known constants.

Remark 1. Assumption 2 is understood as a constraint on the dynamics of the switched system and is needed to
distinguish the observer which has i= σk with the other observers. The term φi, j can be split into two parts related to
known variables and unknown variables, i.e.

a(t) = (A4i−A4 j)x2(t)+ (B2i−B2 j)u(t)
b(t) = A3 jx1(t)+w(t)

(11)

From Assumption 1, one can deduce that: ‖b(t)‖ ≤ Π1 where Π1 is a known positive constant. Assuming that the
following holds: ‖a(t)‖ ≥ Π2 where Π2 > Π1 is a known positive constant. One can notice that the knowledge of
some bounds for the unknown terms is classical in conventional sliding mode theory. Let us select constants δ 1 and
δ2 such that: {

δ1 (Π2 −Π1) ≥ δ2
δ1Π1 < δ2

(12)

Eq. (12) implies that conditions (9)-(10) are satisfied. Notice that if Π 2 > 2Π1, then one can choose δ1 as an
arbitrarily small positive constant and δ2 = δ1 (Π2 −Π1). Conditions (12) can be easily considered on the system but
they are only sufficient.
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From Assumption 1, the terms φi, j(t), ∀t 
= tk are bounded and smooth enough. Indeed, there is a known positive
constant Γ such that: ∀i, j = 1, . . . ,N:

‖φ̇i, j(t)‖ ≤ Γ, ∀t 
= tk (13)
where Γ is a known upper-bound.

Following [22], the proposed strategy, based on second order sliding mode techniques, enables the reconstruction
of the switching signal in uncertain conditions. It is summarized hereafter.
Theorem 1. Let us consider system (5) satisfying Assumptions 1-2 and the observer (6), (8) where the gains satisfy:{

k1 > 0
k2 > 3Γ+ 2 Γ2

k21

(14)

The discrete state observer
σ̂(t) = argmin

i

∫ t

t−δ1
‖vi,1(s)‖ds (15)

provides an estimation of σk in each interval [tk−1 +T ∗
1 , tk), i.e.

σ̂(t) = σk, tk−1 +T∗
1 ≤ t < tk, k = 1,2, . . . (16)

where T ∗
1 < Tδ and Tδ is the minimal dwell time.

Proof 1. From (7), the error dynamics can be written as follows:

ė2,i = vi+φi, j
= −k1|e2,i| 1

2 sign(e2,i)+ vi,1+φi, j
(17)

where j is the actual mode of the system.
Let us set vi,2 = vi,1 +φi, j. Using (8), one can deduce: ∀t ∈ [tk−1, tk)

ė2,i = −k1|e2,i| 1
2 sign(e2,i)+ vi,2

v̇i,2 = φ̇i, j− k2 sign(e2,i)
(18)

According to [11, 16], there is T ∗
1 > 0 (see [2, 20] for further details about its overestimated approximation) such that

∀t ∈ [tk−1 +T ∗
1 , tk),

‖vi,2(t)‖ ≤ O(τ) (19)
where τ is the sampling interval. Notice that it is always possible to select the observer gains satisfying condition
(14) such that T ∗

1 < Tδ .
Therefore, one can conclude that

vi,1 =−φi, j (20)
From Assumption 2, one gets ∫ t

t−δ1
‖vi,1(s)‖ds ≥ δ2 if i 
= j∫ t

t−δ1
‖vi,1(s)‖ds < δ2 if i= j (21)

Hence, the proposed residual based estimation logic argmin i
∫ t
t−δ1

‖vi,1(s)‖ds provides an exact estimation of the
discrete state after the transient time T ∗

1 . Then, a new convergence transient begins to estimate the new discrete state.
�
Remark 2. Condition (14) allows ensuring the finite time convergence of the sliding mode algorithm. The observer
gains are also selected in order to satisfy the minimal dwell time (i.e., T ∗

1 < Tδ ). Details about the selection of the
observer gains for the super-twisting algorithm in order to satisfy these conditions can be found in [2, 22].

Remark 3. The estimated switching time instant t̂k (k = 1,2, . . .) is defined as follows:

t̂k = min
(
t ∈ R

+ | t ≥ t̂k−1 +T ∗
1 and σ̂(t) 
= σ̂(t̂k−1 +T ∗

1 )
)

(22)

Indeed, according to Theorem 1, σ̂(t̂k−1 +T ∗
1 ) = σk. Eq. (22) means that the next estimated switching time instant t̂k

(t̂k ≥ t̂k−1 +T∗
1 ) is defined as the first time instant when the discrete state changes its value (i.e. σ̂(t̂k) 
= σk).

Its initial value is t̂0 = t0.
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4. Continuous state estimation

Here, an hybrid observer, based on gathering partial information from individual modes and on higher order slid-
ing mode techniques, is proposed to estimate the continuous state.

From (4), let us now consider the following subsystem:

ẋ1(t) = A1σ(t)x1(t)+A2σ(t)y2(t)+B1σ(t)u(t)
y1(t) = C1x1(t)

(23)

Let us first study the observability of system (23). Indeed, we do not assume that pairs (A1 i,C1), for all i =
1, . . . ,N, are observable in the classical sense.

4.1. Preliminaries
The concept of Z−observability was introduced in [15] to consider the observability of some particular classes

of hybrid systems. Using a similar approach, [25] provided a generalization of observability concepts. Let us recall
some of these principles when the switching time instants are assumed to be known.

Definition 2. The set (σ i,ui,yi1,yi2,xi1) over an interval
[
t0, t f

]
defines a trajectory for system (23). System (23) is said

to be
[
t0, t f

]−observable if the equality (σ 1,u1,y11,y12) = (σ2,u2,y21,y22) implies x11(t0) = x21(t0).

Let N q
k , (q ≥ k) be the unobservable subspace on the interval

[
tk−1, tq−1

]
defined as the set of states at t = tk−1

for system (23) that generate zero output on [t k−1, tq−1].

On [tk−1, tk), the observability matrix is given as:

Gσk =

⎡
⎢⎢⎢⎣

C1
C1A1σk

...
C1A1n−m−1

σk

⎤
⎥⎥⎥⎦ (24)

Hence, one gets: N k
k =Ker(Gσk). Using the measurement on

[
tk−1, tq−1

]
, more information about the state is obtained

in general. Therefore, the unobservable subspace becomes smaller.

Theorem 2 ([25]). System (23), with a given switching signal on [t 0, tq−1], is [t0, tq−1]−observable if and only if:

N q
1 = {0} (25)

4.2. Observer design for the estimation of the continuous state x(t)
The proposed observer has the following form:

x̂(t) = T−1
[
x̂1(t)
y2(t)

]
(26)

where the estimate x̂1(t) is based on a sliding mode hybrid observer. It gathers partial information from individual
modes of the switched system.

Assumption 3. It is assumed that system (23) is persistently observable according to Definition 2 and Theorem 2.
That is to say there are ηk ∈ N such that:

N k
k−ηk = {0} ∀k ≥ η1 + 1 (27)

The constants ηk can be interpreted as the minimal number of switches required to gain observability.
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Remark 4. One should highlight that the requirement given in Assumption 3 is less restrictive than the observability
condition given in [7] (i.e. ηk = 1) and in [25] (i.e. ηk = constant). One can notice that ηk = 1 implies that each
individual mode is observable in the classical sense. The use of a constant η k may imply more complex computations.
Furthermore, the hybrid Luenberger observer, proposed in [25], does not enable to easily take into account the
sampling interval and the injection gain must be computed through quite complex online procedure. Here, allowing
a varying ηk ≥ 0 extends the considered class of dynamics. Moreover, the hybrid sliding mode observer, described
hereafter, provides practical stability while taking into account the sampling interval and avoiding complex online
computations.

A stack of N hybrid observers, each one associated to a different mode of operation is proposed: ∀i = 1, . . . ,N,
∀k≥ 1

˙̂x1,i(t) = A1ix̂1,i(t)+A2iy2(t)+B1iu(t), t ∈ [t̂k−1, t̂k)
x̂1,i(t̂k) = x̂1(t̂−k )− ξ k (28)

where
x̂1(t) =

{
x̂1,σ̂(t̂k−1+T∗1 )(t), if t ∈ [t̂k−1 +T ∗

1 , t̂k)
x̂1(t̂−k−1), if t ∈ [t̂k−1, t̂k−1 +T ∗

1 )
(29)

The initial state x̂1(t0) is chosen as zero.
The resetting procedure, applied at each switching time estimate, is based on sliding mode partial observers. The

correction vector ξ k is computed using accumulated partial state information, obtained by a sliding mode observer, in
order to ensure the convergence to zero of the error:

e1 = x̂1 − x1
The proposed procedure to compute ξ k is described hereafter.

∀i= 1, . . . ,N, let us define the observation errors as follows:

e1,i = x̂1,i− x1 (30)

The output errors are given as:
ỹi(t) =

[
ỹ1,i(t), . . . , ỹp−m,i(t)

]T
= C1x̂1,i(t)− y1(t)
= C1e1,i(t)

(31)

Partial observers are designed in order to estimate the observable part of e 1,i at time t̂−k , ∀i = 1, . . . ,N. Let us
choose matrices Zki (resp. Wk

i ) such that its columns are an orthonormal basis of Im(GTi ) (resp. Ker(Gi)). Hence, one
gets Im(Zki ) = Im(GTi ). From this construction, on the time interval [ t̂k−1, tk), one can denote:

zi(t) = (Zki )T e1,i(t)
wi(t) = (Wk

i )
T e1,i(t)

SiZkTi = (Zki )TA1i
RiZkTi = C1

(32)

where the observable part of e1,i is zi(t) ∈ R
li , wi(t) ∈ R

n−m−li , Si ∈ R
li×li and Ri =

[
(R1,i)

T , . . . , (Rp−m,i)T
]T ∈

R
(p−m)×li .

Remark 5. It should be highlighted that there is implicit assumptions on the unobservable component w i(t) due to
Assumptions 1 and 3 (i.e. the unobservable subspace is reduced to zero over the time interval [t k, tk+ηk ]). It is worth
noticing if consecutive unobservable and unstable operation modes coincides in the system realization, the estimation
error, in the case of uncertainties, would tend to infinity. As it can be seen in Eq. (28), the proposed observer consists
of a system copy and an estimate update law by a correction vector ξ k. Therefore, the only mechanism that provides
the stability of the estimation error for the unobservable subspace is the dynamics of the system. Nevertheless, since
first point of Assumption 1 holds, the estimation error will remain bounded.
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One should highlight that the pair (Si,Ri) is observable. Hence, matrix Ḡi has a full rank, i.e.

rank(Ḡi) = rank

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

R1,i
R1,iSi

...
R1,iS

l1,i−1
i
...

Rp−m,i
Rp−m,iSi

...
Rp−m,iS

lp−m,i−1
i

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= li

For all i= 1, . . . ,N, a sliding mode observer associated to the operation mode is proposed:

˙̂zi(t) = Siẑi(t)+ Ḡ−1
i νi(t), ∀t ∈ (t̂k−1, t̂k)

ẑi(t̂k−1) = 0 (33)

where the correction terms are given as

νi =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−α1M
1
l1,i
1,i |R1,iẑi− ỹ1,i|

l1,i−1
l1,i sign(R1,iẑi− ỹ1,i)

−α2M
1

l1,i−1
1,i |ν1

2,i− ν̇1
1,i|

l1,i−2
l1,i−1 sign

(
ν1

2,i− ν̇1
1,i

)
...

−αl1,iM1,i sign
(

ν1
l1,i,i− ν̇1

l1,i−1,i

)
...

−α1M
1

lp−m,i
p−m,i |Rp−m,iẑi− ỹp−m,i|

lp−m,i−1
lp−m,i sign(Rp−m,iẑi− ỹp−m,i)

−α2M
1

lp−m,i−1
p−m,i |ν p−m2,i − ν̇ p−m1,i |

lp−m,i−2
lp−m,i−1 sign

(
ν p−m2,i − ν̇ p−m1,i

)
...

−αlp−m,iMp−m,i sign
(

ν p−mlp−m,i,i− ν̇ p−mlp−m,i−1,i

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(34)

The high order sliding mode differentiator [23], for the multiple output case, is used as an auxiliary dynamics. It has
the following form:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ν̇1
1,i = ν1

2,i−α1M
1
l1,i
1,i |R1,iẑi− ỹ1,i|

l1,i−1
l1,i sign(R1,iẑi− ỹ1,i)

ν̇1
2,i = ν1

3,i−α2M
1

l1,i−1
1,i |ν1

2,i− ν̇1
1,i|

l1,i−2
l1,i−1 sign

(
ν1

2,i− ν̇1
1,i

)
...

ν̇1
l1,i,i = −αl1,iM1,i sign

(
ν1
l1,i,i− ν̇1

l1,i−1,i

)
...

ν̇ p−m1,i = ν p−m2,i −α1M
1

lp−m,i
p−m,i |Rp−m,iẑi− ỹp−m,i|

lp−m,i−1
lp−m,i sign(Rp−m,iẑi− ỹp−m,i)

ν̇ p−m2,i = ν p−m3,i −α2M
1

lp−m,i−1
p−m,i |ν p−m2,i − ν̇ p−m1,i |

lp−m,i−2
lp−m,i−1 sign

(
ν p−m2,i − ν̇ p−m1,i

)
...

ν̇ p−mlp−m,i = −αlp−m,iMp−m,i sign
(

ν p−mlp−m,i,i− ν̇ p−mlp−m,i−1,i

)

(35)
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∀ j = 1, . . . , p−m, Mj,i are known Lipschitz constants for the function R j,iS
l j,i
i zi. The constants αl are chosen recur-

sively and sufficiently large. In particular, according to [16], one possible choice is α 6 = 1.1, α5 = 1.5, α4 = 2, α3 = 3,
α2 = 5, α1 = 8 which is enough for the case l j,i ≤ 6.

Theorem 3. Let us consider the case i= σ(t) = σk. Using the sliding mode observer (33) with the correction terms
(34) and providing that constants α l and Mj,σk are well chosen, it is guaranteed that the state estimation error
ez,i(t) = ẑi(t)− zi(t) satisfies

ez,i(t) = O(τ), ∀t ∈ [t̂k−1 +T ∗
2 , tk) (36)

where τ is the sampling interval and Tδ > T ∗
2 > T ∗

1 .

Proof 2. Let us consider the case i= σ(t) = σk. From (30), the observation error dynamics are:

ė1,i(t) = A1ie1,i(t), t ∈ [t̂k−1, tk) (37)

From (32), the observable state dynamics satisfy:

żi(t) = Sizi(t), t ∈ [t̂k−1, tk)
ỹi(t) = Rizi(t)

(38)

Using the transformation ςi = Ḡizi, the observable linear system (38) can be transformed into the following triangular
observable form: ∀ j = 1, . . . , p−m

ς̇ j,i = S̄ j,iς j,i+ T̄j,i(zi)
ỹ j,i =

[
1 0 . . . 0

]
ς j,i

(39)

with
ςi =

[
(ς1,i)

T . . . (ςp−m,i)T
]T

, ς j,i ∈ R
l j,i

S̄ j,i =

⎡
⎢⎢⎢⎢⎢⎣

0 1 0 0 0
0 0 1 0 0
...
...
...

. . .
...

0 0 0 0 1
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦ ∈ R

l j,i×l j,i , T̄j,i(zi) =

⎡
⎢⎢⎢⎣

0
...
0

Rj,iS
l j,i
i zi

⎤
⎥⎥⎥⎦ ∈ R

l j,i

According to [16], the observer defined as follows:

˙̂ςi = S̄iς̂i+νi (40)

with

S̄i =

⎡
⎢⎢⎢⎣
S̄1,i 0 0 . . . 0
0 S̄2,i 0 . . . 0
...

. . . . . . . . .
...

0 . . . 0 0 S̄p−m,i

⎤
⎥⎥⎥⎦

yields to the finite time stabilization of the observation error ς̂i − ςi. Therefore, using the change of coordinate
ςi= Ḡizi, one can conclude that the sliding mode observer (33) with the correction terms (34) provides the convergence
of the observation error ez,i(t) = ẑi(t)− zi(t) in a finite time T ∗

2 . Notice that it is always possible to select the observer
gains sufficiently large such that T ∗

2 < Tδ .
�

The approximation of the estimation error is transported to time t̂−k using the following state transition matrix:

Ψ(t̂−k , t̂ j+T
∗
2 ) = e

A1σ̂(t̂k−1+T
∗
2 )τk eA1σ̂(t̂k−2+T

∗
2 )τk−1 . . .eA1σ̂(t̂ j+T∗2 )(τ j+1−T ∗2 )

, k > j (41)

where the switching period is τk = t̂k− t̂k−1.
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Following [25], let us introduce vector Ωk defined as:

Ωk =

⎡
⎢⎢⎢⎣

(Θk,k)TΨ(t̂−k , t̂k−1 +T ∗
2 )Zkσ̂(t̂k−1+T ∗2 )ẑi(t̂k−1 +T ∗

2 )

...

(Θk−ηk,k)T
(

Ψ(t̂−k , t̂k−ηk−1 +T ∗
2 )Z

k−ηk
σ̂(t̂k−ηk−1+T ∗2 )

ẑσ̂(t̂k−ηk−1+T∗2 )(t̂k−ηk−1 +T ∗
2 )−∑k−1

l=k−ηk Ψ(t̂−k , t̂
−
l )ξ

l
)
⎤
⎥⎥⎥⎦ (42)

where Θq,k is such that: ∀k ≥ η1 + 1, ∀q= k−ηk, . . . ,k

Im(Θq,k) = Im
(

Ψ(t̂−k , t̂
−
q )W

q
σ̂(t̂q−1+T ∗2 )

)⊥
, if q= {k−ηk, . . . ,k− 1}

Im(Θk,k) = Im
(
Wk

σ̂(t̂k−1+T ∗2 )

)⊥ (43)

Therefore, using the information on [ t̂k−ηk , t̂k), the correction vector can be defined as:

ξ k = (Θk)T†Ωk (44)

where
Θk =

[
Θk,k . . . Θk−ηk,k

]
(45)

has rank n−m from Assumption 3.

Theorem 4. Let us consider system (1) satisfying Assumptions 1-3. Assuming that the evolution of the state during
each interval (tk−1, t̂k−1) can be neglected, using the nonsingular transformation (3), the hybrid observer (26), (29)
provides an estimate of x, i.e.

‖x̂(t)− x(t)‖ ≤ O(τ), t̂k−1 +T ∗
1 ≤ t ≤ tk, k≥ η1 + 1 (46)

where τ is the sampling interval.

Proof 3. According to Theorem 1, the discrete state observer σ̂ provides a finite time estimate of σ , i.e.

σ̂(t) = σk, t̂k−1 +T∗
1 ≤ t ≤ tk, k = 1,2, . . . (47)

At time t̂k−1 +T ∗
1 , one gets: σ̂(t̂k−1 +T ∗

1 ) = σk. We fix k ≥ η1 + 1. Assuming that the evolution of the state during
each interval (tk−1, t̂k−1) can be neglected and similarly to [25], one can estimate e1(tk) as follows:

e1(tk)≈−[
Mk,k . . . Mk−ηk,k

]
⎡
⎢⎢⎣

Zkσk ez,σk(t̂k−1 +T ∗
2 )

...
Zk−ηk

σk−ηk
ez,σk−ηk

(t̂k−ηk−1 +T ∗
2 )

⎤
⎥⎥⎦ (48)

with

[
Mk,k . . . Mk−ηk ,k

]
= (Θk)T†

⎡
⎢⎣
(Θk,k)TΨ(t−k , t̂k−1 +T ∗

2 ) 0 0

0
. . . 0

0 0 (Θk−ηk,k)TΨ(t−k , t̂k−ηk−1 +T ∗
2 )

⎤
⎥⎦

According to Theorem 3, the state estimation error is as follows: ∀q= k−ηk . . .k,

ez,σq(t̂q−1 +T ∗
2 ) = O(τ) (49)

Therefore, from Eqs. (48)-(49), one can get:
|e1(tk)| ≤ ωO(τ) (50)
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with ω = ∑kq=k−ηk M
q,kZqσq . Using (50), one can conclude :

‖x̂1(t)− x1(t)‖ ≤ ωO(τ), t̂k−1 +T∗
1 ≤ t ≤ tk, k ≥ η1 + 1 (51)

Using Eq. (26), one obtains

‖x̂− x‖=
∥∥∥∥T−1

[
e1
0

]∥∥∥∥≤ ‖T−1‖‖e1‖ ≤ ‖T−1‖ωO(τ) (52)

It concludes the practical stability of the state estimation error trajectory.
�

Remark 6. One should highlight that during each time interval (t k−1, t̂k−1), the current discrete mode is unknown
since the discrete state observer has not yet provided an estimation of σ . Therefore, the evolution of the continuous
observable part during (tk−1, t̂k−1) cannot be explicitly taken into account for the estimation of e 1(tk). However, one
can tune the observer σ̂ to obtain a fast estimation of σ . Therefore, (t̂k−1 − tk−1) can be made arbitrarily small by
appropriately tuning the observer gains k1 and k2. Hence, from Assumption 1, one can get an arbitrarily small bound
on the continuous observable estimation error at the switching times since the evolution of the state during each time
interval (tk−1, t̂k−1) can be neglected (due to the fact that ( t̂k−1 − tk−1) can be made arbitrarily small).

5. Unknown input estimation

The continuous state observation, given in the previous Section, and the proposed second order sliding mode
observer, used to identify the discrete mode, in Section 3, enables the unknown input estimation. The finite time
observer, presented hereafter, is defined using the same correction terms (i.e., Eq. (8)).

Theorem 5. Let us consider system (1) satisfying Assumptions 1-3 and the observer (6), (8) where the gains satisfy:{
k1 > 0
k2 > 3Γ+ 2 Γ2

k21

(53)

The observer
ŵ(t) = vσ̂(t̂k−1+T ∗1 ),1(t)−A3σ̂(t̂k−1+T ∗1 )x̂1(t) (54)

provides an estimate of w(t) in each interval [t̂k−1 +T∗
1 , tk], i.e.

‖ŵ(t)−w(t)‖ ≤ O(τ), t̂k−1 +T ∗
1 ≤ t ≤ tk, k ≥ η1 + 1 (55)

where τ is the sampling interval.

Proof 4. According to Theorem 4, one gets:

‖x̂(t)− x(t)‖ ≤ O(τ), t̂k−1 +T ∗
1 ≤ t ≤ tk, k≥ η1 + 1 (56)

and Proof 3, one has:

‖x̂1(t)− x1(t)‖ ≤ ωO(τ), t̂k−1 +T∗
1 ≤ t ≤ tk, k ≥ η1 + 1 (57)

On each time interval [t̂k−1+T ∗
1 , tk), from Theorem 1, the discrete state σk is accurately estimated. ∀t ∈ [t̂k−1+T ∗

1 , tk),
Eq. (20) yields

vσ̂(t̂k−1+T ∗1 ),1(t) = −φσk,σk(t)
= A3σk x1(t)+w(t)

(58)

This concludes that:

‖ŵ(t)−w(t)‖= ‖A3σk(x̂1(t)− x1(t))‖ ≤ ‖A3σk‖‖(x̂1(t)− x1(t))‖ ≤ ‖A3σk‖ωO(τ), (59)
t̂k−1 +T ∗

1 ≤ t ≤ tk, k ≥ η1 + 1

�
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6. Simulation results

In order to illustrate the performance of the proposed observer, simulation results are presented in this section.

6.1. Switched system modeling
Let us consider the linear switched system (1) with N = 3 distinct sub-models defined by the following matrices:

A1 =

⎡
⎢⎢⎣
−1.5 −1.5 0.3 −0.4
−1.5 −1.5 0.3 −0.4
−1 −1 0 0
0 0 0 0

⎤
⎥⎥⎦ A2 =

⎡
⎢⎢⎣
−1.95 −2.09 1.61 0
1.59 1.45 −1.21 0

0 0 −1 0
1 1 0 1

⎤
⎥⎥⎦

A3 =

⎡
⎢⎢⎣
−0.78 −0.92 0 4.34
−0.076 −0.22 0 −4.14

0 0 1 0
−1 −1 0 −10

⎤
⎥⎥⎦ B1 =

⎡
⎢⎢⎣
−5
−5
0
0

⎤
⎥⎥⎦

B2 =

⎡
⎢⎢⎣

10
10
0
0

⎤
⎥⎥⎦ B3 =

⎡
⎢⎢⎣
−10
−10

0
0

⎤
⎥⎥⎦ C =

⎡
⎢⎢⎣

1 0
0 1
0 0
0 0

⎤
⎥⎥⎦
T

D =

⎡
⎢⎢⎣

1
1
0
0

⎤
⎥⎥⎦

In this example, x= [x(1),x(2),x(3),x(4)]T ∈ R
4 is the state, y ∈ R

2 is the output, u= 1.5 is the known input and
w(t) = sin(5t) is the unknown input. The system initial conditions are set as x(0) = [4 − 3 2 − 2.5] T . Simulations
have been done, using Matlab/Simulink with the Euler solver and sampling interval τ = 0.5ms. The discrete state is
set according to:

σ(t) =

⎧⎨
⎩

1 i f 2 j ≤ t ≤ 2 j+ 1, j = 0, . . .4
2 i f 4 j+ 1≤ t ≤ 4 j+ 2, j = 0, . . .2
3 i f 4 j+ 3≤ t ≤ 4 j+ 3, j = 0,1

(60)

The objective is to estimate, the switching signal σ(t) using the discrete state observer (15), the continuous state
x(t) using the observer (26) in spite of the unknown input w(t) which is also reconstructed using the sliding mode
observer (54). Notice that Assumption 1 holds.

Remark 7. It should be highlighted that each subsystem is not observable (i.e. the observability matrices are not
full rank). Therefore, most of the existing methods such as [7, 8, 23, 24] usually based on the property of strong
detectability, cannot be used. Moreover, the hybrid Luenberger observer [25] cannot be applied because of the
presence of the unknown input and the non-knowledge of the discrete state. Therefore, from our knowledge, the
existing observers do not enable to solve this problem.

The nonsingular state transformation (3) is defined as:

T =

⎡
⎢⎢⎣
−0.707 0.707 0 0

0 0 1 0
0 0 0 1

0.5 0.5 0 0

⎤
⎥⎥⎦ U =

[−0.707 0.707
0.5 0.5

]

In the transformed domain, the system dynamics (1) becomes (4) with:

A11 =

⎡
⎣0 0 0

0 0 0
0 0 0

⎤
⎦ A12 =

⎡
⎣0 −2 0

0 −1 0
0 0 1

⎤
⎦ A13 =

⎡
⎣0 0 −6

0 1 0
0 0 −10

⎤
⎦

A21 =
[
0 −2 0

]T A22 =
[
5 0 2

]T A23 =
[
1 0 −2

]T
12



A31 =
[
0 0.3 −0.4

]
A32 =

[−0.1 0.2 0
]

A33 =
[−0.1 0 0.1

]
A41 =

[−3
]

A42 =
[−0.5

]
A43 =

[−1
]

B1{1,2,3} =
[
0 0 0

]T B21 =
[−5

]
B22 =

[
10
]

B23 =
[−10

]
C1 =

[
1 0 0

]
x1 ∈ R

3 and y1 ∈ R.

6.2. Discrete mode identification
For the switching signal observation, the parameter values of Eqs. (8) are chosen as: k 1 = 100 and k2 = 700.

The residual estimation logic (15) is implemented with δ1 = 5ms and δ2 = 0.1. It is tuned such that Assumption 2 is
satisfied using the approximation (12).

0 1 2 3 4 5 6 7 8 9 10
1

1.5

2

2.5

3

3.5 Switching signal σ

0 1 2 3 4 5 6 7 8 9 10
1

1.5

2

2.5

3

3.5

Time (s)

Estimated switching signal σ̂

Figure 1: Switching signal σ and its estimate σ̂ .
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Switching signal σ
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Figure 2: Switching signal σ and its estimate σ̂ (ZOOM).

Figures 1 and 2 (ZOOM) show the switching signal and its estimate. Using the proposed residual estimation logic
(15), the discrete state is estimated in the finite time T ∗

1 = 50ms. From, Fig. 2, one can see that the detection delay
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is very small (i.e. |t̂k− tk| ≤ 3ms). From Fig. 1, one can see that the proposed scheme provides no discrete mode
identification error except those arising in the transient period (i.e.[t k, tk+T ∗

1 )).

6.3. Continuous state estimation
In order to study the observability of subsystem (23), one can compute the different observability matrices:

G1 =

⎡
⎣1 0 0

0 0 0
0 0 0

⎤
⎦ G2 =

⎡
⎣1 0 0

0 −2 0
0 2 0

⎤
⎦ G3 =

⎡
⎣1 0 0

0 0 −6
0 0 60

⎤
⎦

One can note that this subsystem is not observable in the classical sense. From the discrete state σ(t), one can
check that Assumption 3 is satisfied. Here, one can pick η1 = 4 in order to include the sequence (1,2,1,3) such that
Assumption 3 holds. Notice that the value η1, ηk (k ≥ η1 + 1) are computed in real time according to the estimated
discrete mode σ̂ and Eq. (27).

For the observer design, let us define the matrices Z kσk associated to Im(GTσk): ∀k = 1, . . .

Zk1 =

⎡
⎣1

0
0

⎤
⎦ Zk2 =

⎡
⎣0 1

1 0
0 0

⎤
⎦ Zk3 =

⎡
⎣0 1

0 0
1 0

⎤
⎦

Notice that mode “1” has a one-dimensional observable subspace (rank(Z k1) = 1, z1 ∈R), modes “2” and “3” have
a two-dimensional observable subspace (rank(Z k2) = rank(Zk3) = 2, z1,z3 ∈ R

2).
The observable state zσk can be estimated using the equalities (32), i.e.

S1 = 0 S2 =

[−1 0
−2 0

]
S3 =

[−10 0
−6 0

]

R1 = 1 R2 =
[
0 1

]
R3 =

[
0 1

]
The parallel stack of observers (33) has been implemented with the gains α 1 = 8, α2 = 5, p−m = 1, l1,1 = 1,

l1,2 = 2, l1,3 = 2 andM1,1 = 2,M1,2 =M1,3 = 5.
The output errors ez,i for every observer are shown in Fig. 3. According to Theorem 3, the output error e z,σk

converges to zero in a finite time T ∗
2 = 0.2s when the mode σk is active. For instance in Fig. 3, between 3s and 4s,

the actual corresponding mode is 3. One can see that the output error e z,3 converges in finite time to zero. Hence, the
estimation of ẑ3, in this interval, is correctly ensured. The stack of observers (33) provides, for all mode i, a good
estimation of ẑi.

Figures 4-7 depict the actual and estimated continuous state and the associated estimation error x̂( j)− x( j) for
j = 1, ...,4.

The error initially evolves according to the system dynamics (1) as no correction is applied till t 4 +T ∗
1 . When the

current mode is identified according to Theorem 3, the continuous state estimation error is equal to zero according to
Theorem 4. Figures 4-7 clearly show the hybrid nature of the proposed observer due to the correction vector ξ k. One
can note that during the transient period [t k−1, tk−1 +T ∗

1 ) the error grows because the discrete mode has not yet been
identified (see Eq. (29) of the proposed observer). The evolution of the estimation errors shows the efficiency of the
hybrid observer. A small steady state error can be seen in Fig. 8 i.e.,max(‖ x̂(t)−x(t) ‖) = 0.2 for all t ∈ [t k−1+T∗

1 , tk]
and all k ≥ η1 + 1.

6.4. Unknown input estimation
Figure 9 depicts the unknown input estimation and shows the efficiency of the proposed scheme. One can note

that during the transient period [tk−1, t̂k−1 +T ∗
1 ) the error grows because the discrete mode has not yet been identified.

The unknown input is correctly reconstructed once the discrete mode and the continuous state are estimated.
The hybrid observer fulfills the objective with an identification of the discrete mode and the estimations, in finite

time, of the continuous state and the unknown input.
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Figure 3: The output error ez,i for every observer and the corresponding mode.
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Figure 4: State x(1), its estimate x̂(1) and the corresponding estimation error.

7. Conclusion

A solution to the continuous and discrete state estimation problem for a class of switched linear systems, in the
presence of unknown inputs, has been proposed. The studied class of systems is large and includes systems having
modes in which the state is not fully observable. A state transformation allows implementing two suitable reduced–
order observers. The first one, based on second order sliding mode techniques, has been proposed to reconstruct
the discrete state in the presence of unknown inputs. The second one, based on gathering partial information from
individual modes of the switched system and on higher order sliding mode techniques, has been introduced to estimate
the continuous state. Simulation results have shown the effectiveness of the proposed method.
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Figure 5: State x(2), its estimate x̂(2) and the corresponding estimation error.
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Figure 6: State x(3), its estimate x̂(3) and the corresponding estimation error.
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