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Abstract: This study focuses on the design of fixed-time consensus for first-order multi-agent systems with unknown
inherent non-linear dynamics. A distributed control protocol, based on local information, is proposed to ensure the con-
vergence of the tracking errors in finite time. Some conditions are derived to select the controller gains in order to obtain
a prescribed convergence time regardless of the initial conditions. Simulations are performed to validate the theoretical
results.
1 Introduction

Multi-agent systems (MASs) have been studied with great atten-
tion during the last few decades [1] because multiple agents may
perform a task more efficiently than a single one, reduce sensibility
to possible agent fault and give high flexibility during the mission
execution. Many recent works deal with cooperative scheme for
MAS because of its broad range of applications in various areas,
for example, flocking [2], rendezvous [3], formation control [4, 5],
containment control [6], sensor network [7], coordination of mobile
manipulators [8] and so on.

Among them, the consensus problem, which objective is to
design distributed control policies that enable agents to reach an
agreement regarding a certain quantity of interest by relying on
neighbours’ information [9], has received considerable attention.
They can be categorised into two separated directions depending
on whether there is a leader or not. Many consensus schemes have
been developed recently [9–13]. However, most of the existing
consensus protocols have been derived when there is no leader
or when the leader is static. Nevertheless, in many missions, a
dynamic leader is required.

Many applications may require a dynamic leader, which could
be virtual for its followers. Its behaviour is independent of the other
agents. The problem of leader–follower consensus is also referred
to the cooperative or distributed consensus tracking [14]. The co-
ordination of a group of mobile autonomous agents following a
leader has been firstly motivated in [15]. A multi-agent consensus
problem with an active leader and a variable topology has been
proposed in [16]. In [17], it has been highlighted the strong links
between existing leader–follower formation control approaches and
consensus-based strategies. The leader–following consensus prob-
lem for MASs with Lipschitz non-linear dynamics is discussed
in [18]. Recently, a distributed output regulation approach has
been proposed for the leader–follower consensus problem in [19].
Leader–follower consensus protocols for second-order non-linear
MASs has been derived considering intermittent communication
in [20].

In the study of consensus problem, the convergence rate has
been an important topic. Indeed, this significant performance index
is of high interest to study the effectiveness of a consensus
protocol in the context of MAS. Most of the existing consensus
algorithms focus on asymptotic convergence, where the settling
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time is infinite. However, many applications require a high speed
convergence generally characterised by a finite-time control strat-
egy [21]. Moreover, finite-time control allows some advantageous
properties, such as good disturbance rejection and good robust-
ness against uncertainties. A robust finite-time consensus tracking
problem based on terminal sliding-mode control has been stud-
ied in [22], with input disturbances rejection. The finite-time
consensus problem for MASs has been studied for single inte-
grator [14, 23], double integrator [24] and inherent non-linear
dynamics [25, 26]. A finite-time consensus protocol in directed
networks with non-uniform time-varying delays has been proposed
in [27].

Using finite time controller, an estimation of the settling time
could be very useful when switching topology or networks of
clusters are considered. It is worthy of noting that, for the above-
mentioned works, the explicit expressions for the bound of the
settling time depend on the initial states of agents. Therefore the
knowledge of these initial conditions usually prevent us from the
estimation of the settling time using distributed architectures. A
new approach, called fixed-time stability has been recently pro-
posed to define algorithms which guarantee that the settling time
is upper bounded regardless to the initial conditions [28]. This con-
cept is promising since one can design a controller such that some
control performances are obtained in a given time and indepen-
dently of initial conditions. In the case of leaderless strategies, the
fixed-time average consensus problem has been solved for single
integrator linear dynamics without disturbance in [29] and with
bounded matched disturbances in [30] even in the case of switching
communication topologies [31]. The fixed-time consensus track-
ing problem for second-order MASs without inherent non-linear
dynamics has been solved in [32]. However, the agents sequen-
tially update their control input according to their priority. This
fact reduces the level of decentralisation. To the best of our knowl-
edge, although the finite-time leader–follower consensus problem
has been well studied, the estimation of the convergence time with-
out the a priori knowledge of initial conditions of agents, has not
yet been proposed for first-order MASs with unknown inherent
non-linear dynamics.

Motivated by the above works, in this paper, the fixed-time
consensus tracking problem for MAS with inherent non-linear
dynamics is considered. The contribution of this paper is twofold.
First, a generalisation of the finite-time leader–follower consensus
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protocol, dealing with MAS with non-linear inherent dynamics,
is proposed. Then, an explicit estimation of the settling time is
provided regardless of the initial conditions.

This paper is organised as follows. Section 2 is devoted to the
formulation of the leader–follower consensus problem. Section 3
presents the distributed consensus protocol, based on local infor-
mation, to ensure the convergence of the tracking errors in finite
time. Some conditions are derived to select the controller gains in
order to obtain a prescribed convergence time regardless of the ini-
tial conditions. In Section 4, some examples are discussed to show
the effectiveness of the proposed scheme.

Notations: We denote the transpose of a matrix M by M T and
eig(M ) its eigenvalues. λmin(M ) [resp. λmax(M )] are the smallest
and the largest eigenvalues of M .
For a square symmetric matrix P ∈ R

N×N , P � 0 (resp. P ≺ 0)
indicates that P is positive (resp. negative) definite.
Let 1N = (1, 1, . . . , 1)T ∈ R

N and diag(a1, a2 . . . aN−1, aN ) the
diagonal matrix

⎛
⎜⎜⎜⎜⎝

a1 0 . . . 0

0
. . .

. . .
...

...
. . .

. . . 0
0 . . . 0 aN

⎞
⎟⎟⎟⎟⎠ ∈ R

N×N

For x = (x1, . . . , xN )T ∈ R
N and b ≥ 0, let us define �x�b =(

sign (x1) |x1|b, . . . , sign (xN ) |xN |b)T
.

2 Formulation of the leader–follower consensus
problem

Consider a MAS consisting of a virtual leader and N followers. The
dynamics of each follower and of the leader agent are given by

ẋi = f (t, xi) + ui, i ∈ {1, . . . , N }
ẋ0 = f (t, x0) + u0

(1)

where x0 ∈ R
m (resp. u0 ∈ R

m) is the state (resp. control input) of
the virtual leader, xi ∈ R

m is the state of agent i and ui ∈ R
m is

the control input of agent i. Moreover, f : R
+ × D → R

m is an
uncertain non-linear dynamics of agent i, continuous in t, D ⊂ R

m

a domain containing the origin. Furthermore, there exist positive
constants l1, l2 and l3 such that ∀x1, x2 ∈ D, ∀t ≥ 0

‖f (t, x1) − f (t, x2)‖2 ≤ l1 + l2‖x1 − x2‖2 + l3‖x1 − x2‖4 (2)

Remark 1: The presented class of systems includes Lipschitz (l1 =
l3 = 0) and quasi-Lipschitz (l3 = 0) as well as some essentially
non-linear (e.g. polynomial) models (l3 = 0). The polynomial term
may appear, for example, in mechanical models with a viscous
friction force proportional to square of velocity. Indeed, if xi is the
velocity of some fast mobile vehicle, then

√
l3 is proportional to a

coefficient of viscous friction.

It is worthy of noting that condition (2) is less restrictive than most
of the existing works dealing on consensus for MAS with non-
linear inherent dynamics [25]. Since f (t, xi) is uncertain, it is not
possible to cancel it with the control, namely (1) is not feedback
equivalent to an m-dimensional integrator.
It is also assumed that the control u0 of the leader is bounded by
a known positive constant l, that is

‖u0‖ ≤ l (3)

One should notify that the design of a saturated control input for
one agent which solves the trajectory tracking problem has been
solved in [33, 34].
2166
Remark 2: In this paper, the bound l is assumed to be known for
each follower. If it is not the case, an adaptive sliding mode con-
troller could be used [35]. However, the design of adaptive scheme
for fixed-time controller is still an open problem.

To solve the coordination problem and model exchanged infor-
mation between agents, graph theory is briefly recalled hereafter.
The communication topology among all followers is fixed and is
represented by an undirected graph G which consists of a non-
empty set of nodes V = {1, 2, . . . , N } and a set of edges E ⊂
V × V . Here, each node in V corresponds to an agent i, and each
edge (i, j) ∈ E in the undirected graph corresponds to an informa-
tion link between agent i and agent j. The topology of graph G is
represented by the weighted adjacency matrix A = (aij) ∈ R

N×N

given by aij > 0 if (j, i) ∈ E and aij = 0, otherwise. The Laplacian
matrix of G is defined as L = (lij) ∈ R

N×N with lii = ∑N
j=1,j =i aij

and lij = −aij for i = j. For an undirected graph, L is symmet-
ric positive semi-definite. Graph G is connected if and only if
its Laplacian matrix has a simple zero eigenvalue with associated
eigenvector 1N. The graph Ḡ is fixed and describes the communica-
tion topology of all followers and the virtual leader. The topology
of Ḡ is described by the weighted matrix H = L + D ∈ R

N×N

where D = diag(a10, . . . , aN0) with ai0 > 0 if the leader state is
available to follower i and with ai0 = 0 otherwise.

The objective of this paper is to design a distributed control
protocol ui, based on available local information, such that each
follower tracks the virtual leader in a prescribed time Tmax, that is

xi(t) = x0(t), ∀t ≥ Tmax, ∀i ∈ {1, . . . , N } (4)

Remark 3: It is assumed that there is no communication delay.
Hence, local information from the neighbours are available in con-
tinuous time without time delay. To reduce the network loads, a
self-triggered controller has been proposed in [12] to solve the
practical consensus for MASs under time-varying topology. The
effect of communication delays has been recently accounted for in
order to achieve the consensus exponentially [13, 20, 36]. A finite-
time consensus protocol in directed networks with non-uniform
time-varying delays has been proposed in [27]. Nevertheless, the
estimation of the settling time regardless of the initial conditions
(i.e. fixed-time stability) in the presence of time delay is still an
open problem. Indeed, the communication delays clearly affect
the convergence time. The estimation of the settling time regard-
less both of the initial conditions and communication delays still
remains a challenging issue. Lyapunov–Krasovkii or Lyapunov–
Razumikhin approaches should be used and may imply very
conservative conditions in general cases [37]. Therefore the design
of fixed-time consensus protocols considering delays is out the
scope of this paper.

Remark 4: For the sake of simplicity, in the following, it is
assumed that m = 1. The analysis is valid for any arbitrary dimen-
sion m with the difference being that the expression should be
written in terms of the Kronecker product.

3 Fixed-time consensus tracking protocol

In this section, a non-linear finite time distributed control protocol
will be designed such that each follower tracks the virtual leader
in a prescribed time Tmax. Before that let us introduce the concept
of fixed-time stability and a useful lemma.

3.1 Preliminaries on fixed-time stability

Let us consider the following system{
ẋ(t) ∈ F(t, x(t))
x(0) = x0

(5)

where x ∈ R
n is the state, F : R

+ × R
n → R

n be an upper semi-
continuous convex-valued mapping, such that the set F(t, x) is
IET Control Theory Appl., 2015, Vol. 9, Iss. 14, pp. 2165–2170
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non-empty for any (t, x) ∈ R
+ × R

n and F(t, 0) = 0 for t > 0. The
solutions of (5) are understood in the Filippov sense [38].

Definition 1 [40]: The origin of system (5) is a globally finite time
equilibrium if there is a function T : R

n �→ R
+ such that for all

x0 ∈ R
n, the solution x(t, x0) of system (5) is defined and x(t, x0) ∈

R
n for t ∈ [0, T (x0)) and limt→T (x0) x(t, x0) = 0. T (x0) is called the

settling time function.

Definition 2 [28]: The origin of system (5) is a globally fixed-time
equilibrium if it is globally finite-time stable and the settling time
function T (x0) is bounded by some positive number Tmax > 0, that
is, T (x0) ≤ Tmax for ∀x0 ∈ R

n.

The fixed-time stabilisation at the origin can be demonstrated on
the simplest scalar control system ẋ(t) = u(t), where x ∈ R is the
state and u ∈ R is the control input. If the so-called negative relay
feedback u = − sign (x) is applied, then the closed-loop system is
finite-time stable with the settling time T (x0) = |x0|. It is worthy of
noting that the settling time depends on the initial conditions and is
unbounded. The fixed-time control algorithm [28] has the form u =
−(|x|2 + 1) sign (x). It guarantees finite convergence time inde-
pendently of the initial conditions, namely, T (x0) ≤ (π/2), where
π = 3.1415926 . . . is the well-know irregular number.

More strong result is provided by the following lemma that
refines the results of [28] and [39].

Lemma 1 [29]: Assume that there exists a continuously differen-
tiable positive definite and radially unbounded function V : R

n →
R

+ such that

sup
t>0,y∈F(t,x)

∂V (x)

∂x
y ≤ −aV p(x) − bV q(x) for x = 0

with a, b > 0, p = 1 − (1/μ), q = 1 + (1/μ) and μ ≥ 1. Then, the
origin of the differential inclusion (5) is globally fixed-time stable
with the settling time estimate

T (x0) ≤ Tmax = πμ

2
√

ab
.

In the next subsection, this lemma will be used to design a
distributed non-linear fixed-time control protocol and to analyse
its robustness with respect to uncertainties and disturbances.

3.2 Fixed-time consensus protocol design

Based on Lemma 1, a distributed control protocol is derived to
guarantee that each follower tracks the leader in a prescribed time
Tmax regardless the initial condition in the following theorem.

Theorem 1: Suppose that graph G is connected and at least one
ai0 > 0. The control protocol

ui = α

⎢⎢⎢⎣ N∑
j=0

aij(xj − xi)

⎤
⎥⎥⎥

2

+ β

N∑
j=0

aij(xj − xi) + γ sign

⎛
⎝ N∑

j=0

aij(xj − xi)

⎞
⎠ (6)

where the gains are defined as

α =
√

l3 (λmax(H ))3/2

λ
7/2
min(H )

+ ε
√

N

(2λmin(H ))
3
2

β =
√

l2
λmin(H )

γ = l +
√

l1N + ε

√
λmax(H )

2λmin(H )

(7)
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with ε > 0, achieves the convergence of the tracking errors
x̃i = xi − x0, ∀i ∈ {1, . . . , N } to zero in a finite time, which is
bounded by

Tmax = π

ε
(8)

Proof: Let us define the tracking errors as x̃i = xi − x0, ∀i ∈
{1, . . . , N }. Equations (1), (6) yield

˙̃xi = α

⎢⎢⎢⎣ N∑
j=0

aij(xj − xi)

⎤
⎥⎥⎥

2

+ β

N∑
j=0

aij(xj − xi)

+ γ sign

⎛
⎝ N∑

j=0

aij(xj − xi)

⎞
⎠ + f (t, xi) − f (t, x0) − u0 (9)

In a compact form, system (9) becomes

˙̃x = −α �Hx̃�2 − βHx̃ − γ sign (Hx̃) + f̃ − 1Nu0

with

x̃ = (x̃1, . . . , x̃N )T

f̃ = (f (t, x1) − f (t, x0), . . . , f (t, xN ) − f (t, x0))
T

Considering the candidate Lyapunov function

V = 1

2
x̃THx̃

H � 0 since graph G is connected and there is at least one ai0
positive [14]. Its time derivative is given by

V̇ = x̃TH ˙̃x
= −αx̃TH �Hx̃�2 − β‖Hx̃‖2

2 − γ ‖Hx̃‖1 − x̃TH1Nu0 + x̃THf̃
(10)

The later considerations uses the classical result about equivalence
of the norms ‖ · ‖q

‖y‖q =
(

N∑
i=1

|yi|q
) 1

q

, y = (y1, . . . , yN )T ∈ R
N , q > 0

in a finite-dimensional linear space. Namely, for p > r > 0 we
always have

‖y‖p ≤ ‖y‖r ≤ N
1
r − 1

p ‖y‖p

The first term of (10) can be estimated as follows

−αx̃TH �Hx̃�2 = −α

N∑
i=1

∣∣∣∣∣∣
N∑

j=0

aij(xj − xi)

∣∣∣∣∣∣
3

= −α‖Hx̃‖3
3

≤ −αN− 1
2 (2λmin(H ))

3
2 V

3
2

The last term of (10) admits the following representation

x̃THf̃ ≤ ‖Hx̃‖2‖f̃ ‖2 ≤ ‖Hx̃‖2

(
l1N + l2‖x̃‖2

2 + l3‖x̃‖4
4

)1/2

≤ ‖Hx̃‖2

(√
l1N +

√
l2‖x̃‖2 +

√
l3‖x̃‖2

4

)

≤
√

l1N‖Hx̃‖1 +
√

l2
λmin(H )

‖Hx̃‖2
2

+
√

l3N− 1
2 (2λmax(H ))3/2

λ2
min(H )

V 3/2
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Fig. 1 Communication topology

It follows that

V̇ ≤
(

−αN− 1
2 (2λmin(H ))

3
2 +

√
l3N− 1

2 (2λmax(H ))3/2

λ2
min(H )

)
V

3
2

−
(

β −
√

l2
λmin(H )

)
‖Hx̃‖2

2 − γ ‖Hx̃‖1 + (l +
√

l1N )‖Hx̃‖1

(11)

Let the gains be designed by (7). Therefore, one obtains

V̇ ≤ −εV q − εV p

with

μ = 2

p = 1 − 1

μ

q = 1 + 1

μ

Hence, Lemma 1 guarantees that the origin of the closed-loop sys-
tem (9) is globally fixed-time stable with the settling time bounded
by Tmax = π/ε. �

Remark 5: It is worthy of noting that the settling time does not
depend on the initial conditions. If a prescribed convergence time
is required, one can easily tune the controller gains according to
(7) to solve the leader–follower consensus problem. Such a require-
ment occurs when considering switching topologies. An extension
of these results to the case of switching network is possible. Indeed,
in this case, the sum of time intervals over which the graph is
strongly connected must be larger that the settling time to guarantee
that each follower tracks the virtual leader.
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4 Numerical simulations

Let us consider the MAS (1) with N = 6 followers and one virtual
leader. The communication topology, given in Fig. 1 is undi-
rected and fixed. It is connected and the corresponding matrix H
is given by

H =

⎡
⎢⎢⎢⎢⎢⎣

2 −1 0 0 0 0
−1 3 −1 0 0 0
0 −1 3 −1 −1 0
0 0 −1 2 −1 0
0 0 −1 −1 3 −1
0 0 0 0 −1 2

⎤
⎥⎥⎥⎥⎥⎦

One can see that agents 3, 4 and 5 do not have direct information
from the leader. Hereafter, two scenarios are discussed to highlight
the effectiveness of the proposed fixed-time consensus protocol for
MAS with inherent non-linear dynamics. It will be shown that the
control law ensures the convergence of the tracking errors in a
prescribed convergence time regardless of the initial conditions
(i.e. fixed-time stability). Although the finite-time leader–follower
consensus problem has been well studied, the estimation of the
convergence time regardless of the initial conditions for first-order
MASs with unknown inherent non-linear dynamics has not yet been
proposed.

Scenario 1: We consider the case m = 1. The non-linear dynam-
ics, assumed uncertain, are f (t, xi) = 0.1 sin (xi), ∀i = {0, . . . , N }.
The Lipschitz condition is verified. Indeed, in this case, l1 = l3 = 0
and l2 = 0.1. The control input of the virtual leader is chosen as
u0 = 2 cos (0.1π t). It is bounded by l = 2. The virtual leader starts
from x0(0) = 0. From Theorem 1, the control protocol (6) achieves
the convergence of the tracking errors x̃i = xi − x0, ∀i ∈ {1, . . . , N }
to zero in finite time. Contrary to existing finite-time controllers,
here an explicit estimation of the settling time is provided without
the a priori knowledge of initial conditions of agents. The estimated
upper bounds of the settling time for the proposed distributed con-
trol scheme (6) is Tmax = 1.5 s. The settling time remains bounded
even for large initial conditions, testifying to the fixed-time nature
of the developed control protocol. To illustrate this fact, two initial
conditions are considered.

For the first case, the six followers start from the follow-
ing initial conditions: x1(0) = −10, x2(0) = −5, x3(0) = −20,
x4(0) = −15, x5(0) = 10 and x6(0) = 5. Large initial conditions
of each follower has been chosen for the second case, that
is, x1(0) = −150, x2(0) = −75, x3(0) = −300, x4(0) = −225,
x5(0) = 150 and x6(0) = 75. Fig. 2a (resp. Fig. 2b) depicts the
trajectories of the virtual leader and the followers for the first
case (resp. for the second case) when the control protocol (6)
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Fig. 2 Leader–follower consensus for MASs with unknown Lipschitz non-linearities: trajectories of each agent

a Case 1
b Case 2
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a b

Fig. 3 Leader–follower consensus for MASs with unknown Lipschitz non-linearities: tracking errors

a Case 1
b Case 2

a b

Fig. 4 Leader–follower consensus for MASs with unknown non-Lipschitz non-linearities

a Trajectories of each agent
b Norm of the tracking errors
is used. Fig. 3 shows the tracking errors x̃i for i = 1, . . . , 6.
It is clear that from Figs. 3a and b that the settling time is
about 0.95 s for case 1 and 1.25 s for case 2. One can see that
the estimate of the settling time is of moderate conservatism.
These two cases confirm the theoretical results obtained from
Theorem 1.

Scenario 2: Now, we consider the case m = 2. The state of
the virtual leader and the followers xi are written as x0 =(
ηx

0, ηy
0

)T ∈ D and xi = (
ηx

i , ηy
i

)T ∈ D where D = [−10, 10] ×
[−10, 10]. The non-linear dynamics, assumed uncertain, are
f (t, xi) = 0.01

(
0.01(ηx

i )
2, 0.01 sign

(
(η

y
i )

))T
. This function does

not satisfy the Lipschitz condition. Nevertheless, in this case, con-
dition (2) is fulfilled since l1 = 0.02 and l3 = 0.1 on D. It is worthy
of noting that condition (2) is less restrictive than most of the exist-
ing works dealing on consensus for MAS with non-linear inherent
dynamics [25]. The control input of the virtual leader is chosen as
u0 = (0.1, 2 cos(π/2t)). It is bounded by l = 0.64. From Theorem
1, the control protocol (6) achieves the convergence of the tracking
errors x̃i = xi − x0, ∀i ∈ {1, . . . , N } to zero in finite time. The esti-
mated upper bounds of the settling time for the proposed distributed
control scheme (6) is Tmax = 1.5 s.

The six followers start from the following initial conditions:
x1(0) = (−2, −2)T, x2(0) = (−1, −3)T, x3(0) = (−4, 2)T, x4(0) =
(−3, 4)T, x5(0) = (2, 2.4)T and x6(0) = (1, 3)T. The virtual leader
starts from x0(0) = (0, 0)T. Fig. 4a depicts the trajectories of the
IET Control Theory Appl., 2015, Vol. 9, Iss. 14, pp. 2165–2170
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virtual leader and the followers when the control protocol (6) is
used. Fig. 4b shows that the consensus is achieved after 0.5 s. It
confirms the theoretical results obtained from Theorem 1.

5 Conclusion

In this paper, the fixed-time consensus tracking problem for MAS
with inherent non-linear dynamics has been considered. The con-
tribution of this paper is twofold. First, a generalisation of the
finite-time leader–follower consensus protocol, dealing with MAS
with non-linear inherent dynamics, has been proposed. Then, an
explicit estimation of the settling time has been provided regard-
less of the initial conditions. Some conditions have been derived to
select the controller gains in order to obtain a prescribed conver-
gence time regardless of the initial conditions. As future works, we
will consider communication delays and adaptive scheme to avoid
the knowledge of the upper bound of the leader control input.
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