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Simultaneous Estimation of Road Profile and Tire
Road Friction for Automotive Vehicle
J. J. Rath, Student Member, IEEE, K. C. Veluvolu, Senior Member, IEEE, and M. Defoort

Abstract—The longitudinal motion control of automotive vehicles is heavily reliant on information about the time-varying tire
road friction coefficient. In the presence of varying road roughness
profiles, the effective vertical load on each wheel varies dynamically, influencing the tire friction. In this paper, we integrated
the vertical and longitudinal dynamics of a quarter wheel to
form an integrated nonlinear model. In the modeled dynamics,
the time-varying random road profile and the tire friction are
treated as unknown inputs. To estimate these unknown inputs
and states simultaneously, a combination of nonlinear Lipschitz
observer and modified super-twisting algorithm (STA) observer is
developed. Under Lipschitz conditions for the nonlinear functions,
the convergence of the estimation error is established. Simulation results performed with the high-fidelity vehicle simulation
software CarSim demonstrate the effectiveness of the proposed
scheme in the estimation of states and unknown inputs.
Index Terms—Automotive vehicle, higher order sliding-mode
observer (SMO), road profile, tire friction, unknown inputs.

I. I NTRODUCTION

A

UTOMOTIVE vehicle control systems have witnessed
significant contributions in various active safety control
systems such as antilock braking systems, traction control systems, active cruise control [1], [2], etc. The precise and accurate
implementation of these control systems requires information
about various factors affecting the dynamic performance of the
vehicle. The automotive vehicle is a complex nonlinear dynamic system whose performance is affected by environmental
factors such as aerodynamic drag, tire friction, road profile,
etc. These factors act as unknown inputs/disturbances for the
vehicle system and thus affect the performance of various safety
protocols implemented.
Tire road friction is a rapidly varying dynamic phenomenon
that affects the longitudinal motion control of the vehicle. It
is heavily dependent on tire parameters such as pressure and
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temperature, along with environmental factors such as road
surface type. To replicate the effect of friction, various static and
dynamic friction models such as Magic Formula tire [1], Dugoff
model [1], LuGre model [3], etc., have been developed. The
variations in tire friction are more prominent in the presence
of dynamic vertical load on the wheel. The effective vertical
load on each wheel is determined by the vertical dynamics of
the vehicle governed by the suspension system. The vertical
load is influenced by the presence of suspension nonlinearities
and, in particular, by the varying road profile. Road profile
characterizes the vertical height of the ground below the wheel,
determining the condition of the road for longitudinal vehicle
motion and is generally measured by expensive instruments
called profilographs [4]. This entity is replicated on the International Roughness Index (IRI), which is the widely used road
roughness indicator proposed by the International Organization
for Standardization. The IRI is a scale that characterizes different road profiles in terms of its roughness, ranging from very
good to unpaved rough roads. Under the influence of varying
road surface and random roughness profile, tire friction estimation, and consequently tractive control, is severely affected.
The estimation of tire friction and road profile simultaneously
for effective implementation of various safety control schemes
is a very important problem in research for autonomous vehicle
dynamics.
In [5], the robust nonlinear estimator for tire forces was designed, and consequently, an effective traction control scheme
was proposed for different road surface conditions. However,
this method did not consider the dynamic effects of road profile
on the vertical loading effect for the wheels. In [6], an adaptive
speed control technique for longitudinal motion of the vehicle
was designed where a nonlinear observer was designed to
estimate the internal friction state of the LuGre friction model.
Although in [6] the dynamic vertical load on each wheel was
evaluated, the effect of road profile was not yet considered.
The real-time estimation of tire friction for a nonlinear longitudinal tire force model of the vehicle was performed in [7].
Similarly, the estimation of friction in real time by considering
both the lateral and longitudinal dynamics was performed in
[8]. The effect of vertical loading on the real-time estimation
of tire friction by use of sensors such as accelerometers, Global
Positioning System, torque sensors, etc., was discussed in [9].
However, these works did not consider the effect of road profile
or the suspension nonlinearities on the vertical loading while
estimating the tire friction. Similarly in [10], neural-networkbased approaches were designed to estimate the random road
profile by considering the vertical dynamics of the vehicle only.
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In all the approaches discussed above, where the estimation of
road profile was performed, the nonlinearities in the suspension
system were not considered.
Sliding-mode theory has evolved over time for effective
estimation of unknown inputs [11]–[14] for various classes of
systems. In [15], first-order SMO (FOSMO)-based observers
were designed for estimation of faults/unknown inputs for
nonlinear systems. To overcome the issues of chattering during
estimation without the use of filtering, higher order slidingmode (HOSM) observers were designed. The use of HOSM
observers for state and unknown input estimation in uncertain
nonlinear systems has been discussed in [16]. There have been
significant works contributing to estimation of tire friction and
road profile using sliding-mode observers (SMOs). In [2] and
[19], FOSMOs were designed to estimate the tire friction for
nonlinear longitudinal vehicle dynamics. These approaches,
however, did not consider the effect of road profile on the
vertical load that affects the tire friction significantly. Similarly
in [17], a FOSMO was designed to estimate the states of the
suspension system under the influence of different road profiles.
In [18], the super-twisting algorithm (STA) observer was used
to estimate the road profile acting as an unknown input to the
system. This work considered the nonlinear vertical dynamics
of the vehicle but did not consider the nonlinearities of the
suspension system during the estimation. Recently, in [19], a
HOSM observer based on the STA observer was developed
for estimation of tire road friction coefficient. However, this
method only employed the longitudinal dynamics of the vehicle. The necessity of designing an approach where the nonlinearities of the vehicle system can be considered for estimating
the road profile and tire friction simultaneously with no filtering
is apparent.
To address this issue by estimating the tire friction under
the effect of dynamic vertical load, a nonlinear vehicle model
that integrates the vertical–longitudinal dynamics has been
employed for simultaneous estimation of the tire friction and
the road profile, which is a first attempt in this direction to
the best of the authors’ knowledge. The longitudinal friction
force as a function of the tire friction and the road profile
based on road roughness values [4] and the engine friction
with uncertainties are time-varying entities that serve as three
unknown inputs to the coupled dynamics of the quarter vehicle
system. Under rank conditions for the output matrix, a transformation is developed that transforms the developed system
into two subsystems. For the system affected by unknown
inputs, modified STA-based HOSM observers are designed to
ensure stability of error dynamics in finite time. Once sliding
mode is attained, the unknown inputs are then simultaneously
reconstructed. For a subsystem without unknown inputs, a nonlinear observer under Lipschitz conditions is designed to ensure
stability.
The rest of this paper is organized as follows: In Section II,
the dynamics of the quarter wheel vehicle is discussed. The
integrated nonlinear vertical–longitudinal model for a quarter
wheel is developed. The conceptual design of the proposed
observers is discussed in Section III. The simulation results for
different driving scenarios performed in CarSim are presented
in Section IV. Section V concludes this paper.

II. V EHICLE DYNAMIC M ODEL
The effect of environmental factors such as road surface, road
profile, road bank angle, road grade, etc., affects the vehicle
motion prominently. To analyze the effect of road surface and
road profile variations on vehicle motion, an integrated vehicle
model is developed. For developing such a model, longitudinal
and vertical dynamics of motion without any steering action are
considered. The incorporation of independent axle suspension
systems and independently driven wheels in vehicle systems
facilitates the modeling of a quarter wheel vehicle, affected by
road surface and road profile. It is assumed that the governing
dynamics for each quarter wheel can be replicated for the other
wheels [1].
A. Vehicle Vertical Dynamics
The suspension dynamics of a vehicle govern the vertical
stability aspects of motion for the vehicle. The suspension
system can be designed as independent wheel suspension or
as dependent front axle/rear axle wheel suspension. The utility
of independent suspension systems is critical for analysis of
quarter car models as vertical deflections of each wheel are
independent. The nonlinearities of the suspension system are
contributed by the spring, and damper deflections are modeled
as follows [25]:
⎧
⎪
(zs − zu )3
⎨fk = ksnl
(1)
fb = bsnl |żu − żs |sign(żu − żs )
⎪
⎩
Ψ = fk + fb
where zs and zu are the sprung and unsprung mass displacements, respectively; żs and żu are the sprung and unsprung
mass velocities, respectively; ksnl and bsnl are the nonlinear
factors of the spring and damper coefficients of the suspension
system, respectively; and Ψ represents the total nonlinearities
of the suspension dynamics. The motion of the vehicle over an
irregular surface such as a bump or a ditch restricts wheel travel
in the given range and prevents contact between the tire and
the ground. These nonlinear spring characteristics effectively
replicate the suspension deflection under such irregular motion. In the presence of nonlinearities and disturbance inputs,
the qualitative performance of suspension systems relative to
passenger comfort, road handling, road holding, etc., degrades.
To effectively improve the performance of the suspension,
active feedback control is provided. The dynamics of an active
suspension system (with feedback control) under the influence
of nonlinearities (1) and disturbance corresponding to a quarter
car model is given by [1]
mu z̈u = bs żsu + ks zsu − kr (zu − ζ) + Ψ − Fa
ms z̈s = −bs żsu − ks zsu − Ψ + Fa

(2)

where ms is the sprung mass, mu is the unsprung mass,
ks is the spring stiffness, bs is the damping constant, kr is
the tire stiffness, Fa is the controlled actuator force, zsu =
(zs − zu ) is the suspension deflection, żsu = (żs − żu ) is the
rate of suspension deflection, and ζ(t) is the road excitation
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profile. The variations in vertical height of the road act as a
disturbance input for the suspension dynamics of the vehicle.
For longitudinal motion of the vehicle, this vertical height of
the road can be characterized by roughness patterns of the road
surface represented as the road profile [10]. The IRI-based road
classification can be employed to analyze the road roughness of
various road classes from very good road (Class A) to very poor
road conditions (Class E). To generate the road profile as per
this standard, a differential-equation-based model was modeled
in [20]
√
(3)
ζ̇(t) = −2πn0 vζ(t) + 2π σvw0
where v is the vehicle longitudinal velocity, σ is the road roughness coefficient, n0 is the reference space frequency, and w0
is the Gaussian white noise. For the case of active suspension
systems, in order to provide compensation for the road profile,
the control effort Fa is employed. Under the assumptions that
the vertical load of the vehicle is distributed equally on each
tire, the dynamics of the vertical load Fn can be given by [1] as
Fn = (ms + mu )g − kr (zu − ζ(t))

(4)

where the vertical load on each wheel is contributed by the
suspension dynamics and the road profile.
B. Longitudinal Dynamics
The longitudinal dynamics of the vehicle is responsible for
the forward motion of the vehicle. The governing nonlinear
dynamics for the longitudinal motion of the vehicle is given
by [1] as F = Ffriction − Froll , i.e.,
M v̇ = Fx − Cr Fn

(5)

where F is the effective longitudinal force, M is the quarter
mass of the vehicle, Fx is the longitudinal friction force, Cr
is the rolling resistance coefficient, and Fn is the vertical
load acting on the wheel. The rolling resistance force Froll
is dependent on a variety of factors such as tire inflation
pressure, temperature, vehicle velocity, and road surface type
[21]. However, its longitudinal component is a function of the
vertical load and affects the vehicle longitudinal motion. By
integrating the vehicle dynamics with the rotational dynamics
of the wheel, the effective dynamics for the longitudinal motion
can be obtained. The equations that govern the dynamics of the
tire are given by [1]
J ẇr = −rFx ± Tw

(6)

where J is the wheel inertia, wr is the angular velocity of the
wheel, r is the radius of the wheel, and Tw is the braking/driving
torque. The relative velocity between the vehicle longitudinal
speed and the effective speed of the wheel is given as vr =
rwr − v. The phenomenon that translates the motion of the
wheel into effective tractive force for the vehicle is the friction
between the tires and the ground. The coefficient of friction
depends on many factors that influence the interaction between
the surface and the tire. Many methods, such as the Magic
Formula [1], the Dugoff model [1], and the LuGre friction

Fig. 1. Integrated vertical–longitudinal dynamics.

model [3], have been proposed to model the tire road friction
coefficient. All these models describe the relationship between
the friction force and the vehicle vertical load in terms of the
friction coefficient. The relationship between the longitudinal
force and the vertical load can be expressed as Fx = μFn ,
where μ represents the dynamic friction coefficient. As shown
in (4), the vertical load is a function of suspension dynamics and
is highly dynamic in nature owing to variations in road profile.
Thus, coupling exists between the vertical and longitudinal motion for the wheel. This affects the friction coefficient between
the tires and the ground, which is a ratio of the longitudinal
force to the vertical load. Hence, the tire friction estimation
is now affected by the variations in the road roughness profile
leading to estimation complexities. A schematic representation
of coupled dynamics for the quarter vehicle in the presence of
disturbance inputs is shown in Fig. 1.
C. Engine Dynamics
The engine dynamics for the vehicle is given by [1]
Je ẇe = Te + [Tfric (we , t) − ΔTengine ] −

Tw
N

(7)

where we is the engine crankshaft speed of rotation, Te is
the engine torque due to combustion, Je is the moment of
inertia of the engine, ds is the damping in the drive shaft, N
is the gear conversion ratio, Tfric is the engine internal friction,
and ΔTengine is the lumped uncertainties and losses present
in the transmission and drive shaft dynamics representing the
variation in stiffness and damping parameters form the engine
to the drive shaft. Engine internal friction is a significant
parameter in modeling of drive-line dynamics as it represents
the losses incurred during combustion. It is generally modeled
as a function of the engine speed [1], [25] and the engine
temperature. By deducting these losses and the uncertainties
from the engine combustion torque, the effective engine torque
transferred to the drive shaft can be obtained.
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D. Integrated Quarter Vehicle Model
The nonlinear longitudinal and vertical dynamics of the
quarter wheel vehicle are considered to develop an integrated
model. It is assumed that aerodynamic drag is negligible. For
the suspension dynamics, the damping effect provided by the
tire is neglected as it does not significantly affect the suspension
system and is complex to model. For the dynamics (1)–(7), by
considering the following state vector:
x = [x1

x2

x3

x4

= [zu

zs

żs

żu

x5
vr

x6 ]T
we ]T

where
⎤
1 00
⎢
0 00⎥
⎥
⎢ ks
bs
⎥
⎢ m
ms 0 0 ⎥
s
⎢
A = ⎢ kr +ks ks
bs
bs
⎥
⎢ − mu mu mu − mu 0 0 ⎥
⎣ − Cr kr 0
0
0 00⎦
M
0
0
0
0 00

T
Fa
Fa
−
b
b
Γ(u, t) = 0 0 m
51
61
m
s
u
0
0

⎤
010000
⎢0 0 1 0 0 0⎥
⎥ 
⎢

⎥
C =⎢
⎢ 0 0 0 1 0 0 ⎥ = 05×1 I5×5 5×6 .
⎣0 0 0 0 1 0⎦
000001
⎡

(8)

the integrated longitudinal and vertical dynamics can be
formulated as

ẋ = Ax + Γ(u, t) + GΦ(x, t) + Ef (x, t)
(9)
y = Cx
⎡

suspension system, the driving torque for the wheel, and the
engine combustion torque, respectively. The displacement of
sprung mass and velocities of sprung mass and unsprung mass,
relative velocity, and engine speed are considered as outputs.
The output matrix can be thus defined as

0
0
0
1
ks
bs
−m
−
ms
s

G = [02×1 g21 02×1 ]T , E = [03×3 E11 ]T
⎤
⎤
⎡
⎡ kr
0 0
f1 (x, t)
mu
r kr
f (x, t) = ⎣f2 (x, t)⎦ , E11 = ⎣ CM
d22 0 ⎦
f3 (x, t)
0 0 J1e
b51 = Cr g + (rTw /J), b61 = (Te /Je ) − (Tw /Je N ), d22 =
−(r2 M + J)/(JM ), and g21 = [−(1/ms ) 1/mu ].
The nonlinearity affecting the system is given by Φ(x, t) =
Ψ(x, t) and the unknown inputs by f (x, t). The nonlinear
function affecting the system model is given as

Ψ(x, t) = ksnl x321 + bsnl |x34 |sign(x34 )
where x21 = (x2 − x1 ) and x34 = (x3 − x4 ). This nonlinear function replicates the nonlinearities of the suspension
dynamics. The unknown inputs affecting the system are
⎧
⎪
⎨f1 (x, t) = ζ(t)
(10)
f2 (x, t) = Fx
⎪
⎩
f3 (x, t) = Tfric (x, t) − ΔTengine .
The unknown input f1 (x, t) characterizes the road profile,
whereas the unknown input f2 (x, t) represents the longitudinal
friction force. The effect of the engine friction torque and
the uncertainties affecting the drive shaft dynamics has been
considered as the third unknown input f3 (x, t). In the modeled
system dynamics (9), the control inputs for the system Fa , Tw ,
and Te represent the active controlled actuator force for the

The objective is now to estimate the states “x” and the unknown
inputs f1 (x, t), f2 (x, t), and f3 (x, t).
Remark 1: The measurements (relative velocity and engine
speed) are usually considered measured in automotive vehicle
research literature [1], [2]. Various sensors such as encoders,
linear position sensors, etc., are available for these measurements directly. The other considered outputs (displacement of
sprung mass, velocity of sprung mass, and velocity of unsprung
mass) cannot be measured directly. However, acceleration of
unsprung mass and sprung mass are easily measurable with
accelerometers [22], [23]. Estimation of position and velocity from acceleration suffers from notorious integration drift.
Recently, new methods have been developed to provide driftfree displacement and velocity estimation from acceleration for
various applications [24].

III. O BSERVER D ESIGN
Here, the design of observers to estimate states of system (9)
and the unknown inputs f1 (x, t), f2 (x, t), and f3 (x, t) is discussed. To estimate the states and unknown inputs, a combination of a nonlinear Lipschitz observer (NLO) and a modified
STA observer based on HOSM is employed. For design of the
observers, the following assumptions are required:
Assumption 3.1: rank(C [G E]) = rank([G E]), where
[G, E] is full rank.
Assumption 3.2: The nonlinear function Φ(x, u) : R6+2 →
6
R satisfies the Lipschitz condition
Φ(x̂, t) − Φ(x, t) ≤ lα x̂ − x.
Assumption 3.3: System (9) is uniformly observable.
Assumption 3.4: The unknown functions f (x, t) and its first
derivative are bounded.
Assumption 3.5: The control inputs are bounded, and the
system is assumed to be bounded-input bounded-state stable.
Remark 2: For the system defined in (9), it is clear that the
system
is uniformly observable except when x321 =ks /ksnl and

|x34 |sign(x34 )=bs /kbnl . As the nonlinearities ksnl and bsnl
are a fraction of the original values (ks and bs , respectively),
this causes the suspension deflection x21 and the rate of suspension deflection |x34 | to attain very high values. However,
in practical driving scenarios, these conditions are not satisfied
with the proper selection of Fa . Hence, the observability of the
system can be guaranteed.
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For the system dynamics (9), it can be seen that
Assumption 3.1 is satisfied. The following lemma discusses
the Lipschitz continuity for the nonlinear function Φ(x, t).
Lemma 1: For system (9), satisfying Assumptions 3.1–3.5,
the local Lipschitz continuity of the nonlinear function Φ(x, t)
can be established with a Lipschitz constant lα .
Proof: See Appendix A.

In the system dynamics (9), the unknown input f1 (x, t)
represents the road profile. Its upper bound depends on the
complexity and unpredictability of the road roughness profile.
However, for general road conditions or surfaces, the unknown
input ζ(t) and its derivative are bounded by an a priori known
constant. Similarly, the upper bounds of the unknown input
functions f2 (x, t) and f3 (x, t) together with their first derivatives can be shown to be bounded as these are functions of
the system states that are bounded. Hence, Assumption 3.4
is satisfied. With the control inputs Fa and Tw and Te well
defined, Assumption 3.5 is also satisfied.
To facilitate the design of the observer, a transformation is
required to decouple the nonlinearities and the unknown inputs
of the original system (9) into two subsystems, namely, S1
and S2 , where the unknown inputs appear in the subsystem S2
and the system nonlinearities appear in the subsystem S1 . For
ease of exposition, the transformation matrix is formulated by
visual inspection. The formulation of the transformation for a
general class of system similar to the automotive vehicle model
is discussed in Appendix B. The transformation matrix can be
given by
⎡
10
⎢0 1
⎢
⎢0 0
S=⎢
⎢0 0
⎢
⎣0 0
00

0
0
1

0
0
0

ms
mu
kr
kr
CrJms CrJmu
Mr 2 +J Mr 2 +J

0

0

⎤
0
0⎥
⎥
0⎥
⎥.
0⎥
⎥
0⎦

0
0
0
0

Γ23 =
with
Γ22 = −(M (JCr g + rTw )/(M r2 + J)),
(Te − (Tw /N )), c13 = (1 − (ms /mu )), c21 = ((kr /mu ) +
(Cr kr /M )), c22 = −(M r2 + J)/(M J), and c23 = 1/Je .
It can be seen that C1 and C2 are full rank, where C2 is
invertible. With the transformation (11), system (9) can be now
transformed as

ż1 = A1 z1 + A2 z2 + Γ1 (u, t) + G1 Φ(x, t)
(12)
S1 :
y1 = C1 z1

lż2 = A3 z1 + A4 z2 + Γ2 (u, t) + E22 f (x, t)
S2 :
(13)
y2 = C2 z2
where the transformed states are given by
z = Sx = [x̃1
z1 = [x̃1

x̃2

x̃2
x̃3 ]T ,

x̃3

x̃4

x̃6 ]T

x̃5

z2 = [x̃4

x̃5

x̃6 ]T .

(11)

MJr
− Mr
2 +J
0
Je

A. HOSM Observer Based on Modified STA
Here, the HOSM observer based on modified STA [19], [28]
is designed for the S2 subsystem. With Assumptions 3.1–3.5
satisfied, the HOSM observer can be designed as follows:
ẑ˙2 = A3 ẑ1 + A4 ẑ2 + Γ2 (u, t) + E22 ν(t)

0
⎣
0
A1 =
ks
ms

0
0
ks
−m
s

ms ⎤
−m
u
⎦,
1
bs M
− ms mu



A3 = A31 03×2 ,


Γ2 = 0 Γ22 Γ23 ,



01 0
,
0 0 c13

⎡
A2 = ⎣

A4 = [03×3 ],

kr
mu

0
bs kr
ms mu

(15)

where ν(t) = [ν1 ν2 ν3 ]T represents the matrix of the robust sliding mode terms designed according to modified STA
[19], [28] as
νi (t) = −Ki1 φ1 (e2i (t)) − Ki2

φ2 (e2i (t)) dt (16)
0

1
2

φ1 (e2i (t)) = e2i + Ki3 |e2i | sign(e2i )
φ2 (e2i (t)) = e2i +

⎤
00
0 0⎦
00

T

Fa
Γ1 = 01×2 − m
s

T

G1 = 01×2 − m1s , E22 = [I3 ]
⎤
⎡
⎡ ⎤
0
c21 0 0
C2 = ⎣ 0 c22 0 ⎦ , A31 = ⎣ 0 ⎦
ks
0 0 c23
ms

(17)

2
1
Ki3
3
sign(e2i ) + Ki3 |e2i | 2 sign(e2i )
2
2
(18)

Ki = diag(Ki1 , Ki2 , Ki3 ) represents the designed diagonal
positive gain matrices with i = 1, 2, 3. The estimation error
dynamics e2 = ẑ2 − z2 = ẑ2 − C2−1 y2 can be computed from
(13) and (15) as
ė2 = A3 e1 + A4 e2 + ν(t) − f (x, t)

where
⎡

(14)

t

By employing this transformation, where S is invertible, one
can obtain


A13×3 A23×3
SAS −1 = Ã =
, CS −1 = C̃ = [C1 C2 ]
A33×3 A43×3



T
G13×1 03×3
SΓ = Γ̃ = Γ1 Γ2 , S[G E] =
03×1 E223×3

C1 =

4465

(19)

with, e2 = [e21 e22 e23 ]T . Similarly, the error dynamics
for the subsystem S1 can be defined as e1 = ẑ1 − z1 =
[e11 e12 e13 ]T . Further details on the convergence of error
dynamics for the subsystem S1 is discussed in the next section.
The following theorem establishes the convergence of the error
dynamics for the subsystem S2 .
Theorem 1: For system (9) satisfying Assumptions 3.1–3.5,
the observer system (15) with the robust term (16) will ensure
that error dynamics {e2 = 0} for the subsystem S2 will converge to zero in finite time.
Proof: For the simplicity of exposition, we only consider the first state error dynamics of the S2 subsystem and
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prove the convergence. The error dynamics for the first state
of the S2 subsystem can be written from (19) as
ė21 = −e11 + ν1 (t) − f1 (x, t)

e = [e1
(20)

= ν1 (t) + δ2 (e, t)

where δ2 (e, t) = δ21 (e, t) + δ22 (e, t) with δ21 (e, t) = 0 and
δ22 (e, t) = −e11 − f1 (x, t). The unknown input f1 (x, t) is
the road profile ζ(t) that is bounded by a priori known
constant. The perturbation δ22 (e, t) can now be shown to
be bounded by constant ρ22 . With the boundedness condition satisfied, the convergence of the error dynamics can
now be proved. Similarly, the convergence of the error dynamics e22 and e23 can be proven. For more details, see
Appendix B.

B. NLO
The S1 subsystem (13) after transformation is free from
unknown inputs. To estimate the states, an NLO [15], [26], [27]
can be designed as
ẑ˙1 = A1 ẑ1 + A2 C2−1 y2 + Γ1 (u, t)
+ G1 Φ(x̂, t) + L(y1 − C1 ẑ1 ) (21)


T
l11 l12 l13
where L =
is the feedback gain to be disl21 l22 l23
cussed later. By defining the error dynamics as e1 = ẑ1 − z1 =
[e11 e12 e13 ]T , one can obtain
ė1 = (A1 − LC1 )e1 + G1 (Φ(x, t) − Φ(x̂, t)) .

(22)

The following theorem establishes the stability of the S1 subsystem.
Theorem 2: For system (9) satisfying Assumptions 3.1–3.5,
observer (21) ensures that for the subsystem S1 , the state
estimation error (e1 ) is asymptotically stable provided the gain
L satisfies
R(A1 − LC1 ) + (A1 − LC1 )T R + lα2 RR + I < 0



V̇ (e1 ) = eT1 (A1 − LC1 )T R + R(A1 − LC1 ) e1
+ 2eT1 G1 R (Φ(x̂, t) − Φ(x, t)) .
By denoting (A1 − LC1 )T R + R(A1 − LC1 ) = P and under
the Lipschitz condition for Φ(x, t) from Assumption 3.2, one
can deduce

e2 ]T  e1 

e2 ]T = [e1

0]T .

It can thus be written as
V̇ (e1 ) ≤ eT1 P e1 + 2lα G1 Re1 e1 .
As the inequality 2lα G1 Re1 e1  ≤ (lα )2 eT1 G1 RRe1 + eT1 e1
is satisfied, one can obtain


V̇ (e1 ) ≤ eT1 P e1 + eT1 lα2 G1 RR + I e1 .
If the feedback gain L is designed such that (23) is satisfied,
then V̇ (e1 ) < 0. The error dynamics will thus be asymptotically stable.

The above condition (23) can be written in the form of an
algebraic Riccati inequality as
R(A1 −LC1 )+(A1 −LC1 )T R+lα2 RR+I + I < 0

(24)

for some > 0. If the above inequality is satisfied and if
there exists a stable (A1 − LC1 ) matrix, then there exists a
symmetric positive definite (SPD) solution R = RT for Riccati
equation (23). The gain L can also be computed by using the
distance to observability of the pair (A1 , C11 ) as discussed
in [26].
Remark 3: The stability of the error dynamics is established
in two stages. During the initial stage when e2 → 0, e2 remains bounded. As e2 remains bounded during the transient,
the boundedness of e1 can be easily established similar to
Theorem 2. The presence of term e2 in the dynamics of e1
due to coupling will ensure the ultimate boundedness for the
error dynamics e1 . In the second stage, after e2 → 0 in finite
time, we have e2 = 0. The subsystem S1 error dynamics e1 is
asymptotically stable in the sliding mode of e2 = 0, as shown in
Theorem 2. The proposed design guarantees finite-time stability
for e2 and asymptotic stability for e1 .

C. Reconstruction of Unknown Inputs
(23)

where lα is the Lipschitz constant for Φ(x, t), and R is a
positive definite matrix.
Proof: With the choice of the Lyapunov function
as V (e1 ) = eT1 Re1 and differentiating with respect to time,
one has


V̇ (e1 ) ≤ eT1 P e1 + 2lα G1 R[e1

It has been shown earlier in Theorem 1 that in sliding mode, the
error dynamics e2 = ẑ2 − z2 = 0. Hence, we have

Once the sliding mode is established, the equivalent output
error injection signal νeq can be obtained as
νeq = −A3 e1 + f (x, t).

(25)

Theorem 2 ensures the ultimate boundedness of error dynamics
to a small residual set containing the origin. Hence, as t →
∞, we have e1 ≈ 0. The unknown inputs signals can be then
reconstructed from the sliding mode. The estimated road profile
can be obtained as
t
(26)
ζ̂(t) ≈ fˆ1 (x̂, t) = K12 φ2 (e21 , t) dt.
0

Similarly, the longitudinal friction force can be estimated as
t
F̂x (t) ≈ fˆ2 (x̂, t) = K22 φ2 (e22 , t) dt.
(27)
0
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numerical simulations. The Lipschitz constant is obtained as
lα = 45. In the linear matrix inequality (LMI) (24) as lα is
known, the problem of finding L and the SPD matrix is a
standard LMI feasibility problem. Alternatively, we first select

T
0
10
1
such that A1 − LC11 is
L=
−46.3293 77.2154 −24.0767
stable. The
⎡ SPD matrix R that satisfies the ARE
⎤ (24) is obtained
0.00499 −0.000019 0.000193
as R = ⎣−0.000019 0.004894 0.000069⎦ .
0.00193 0.000069 0.004434

The estimation of the uncertain engine friction Tfric (x, t) and
the engine uncertainties ΔTengine affecting the engine dynamics can be obtained as
t
(28)
fˆ3 (x̂, t) = K32 φ2 (e23 , t) dt.
0

IV. R ESULTS AND D ISCUSSION
The simulation tests were performed on a high-fidelity vehicle model in CarSim. To perform the simulation, a class-D
sedan was considered with no steering.
A. Parameter Selection
The vehicle parameters that were considered for the simulation are shown in Table I. In this paper, the class-D sedan
vehicle from CarSim environment was used. In CarSim, independent suspension systems for all wheels were considered. For
excitation purposes, the four-wheel drive was considered, and
all estimations were performed corresponding to the rear left
wheel of the vehicle. The initial conditions for the plant and the
observer were chosen as x(0) = [0 0 0 0.001 0.01 0]
and x̂(0) = [0 0 0 0 0 0]. In the following, we first
discuss the gain selection for the HOSM observers. To obtain
the bound ρ22 , the rate of change of the perturbation δ22 (e, t)
can be obtained from (20) and (33) as
δ̇2 (e, t) = −ė11 − f˙1 (x, t).

(29)

The unknown input f1 (x, t) represents the road profile ζ(t) that
corresponds to the known road roughness levels (3). In this
paper, we consider a class-D road profile whose derivative can
be shown to be upper bounded by 0.3195, which is verified
a posteriori through numerical simulations. The boundedness
of e11 has been established in Remark 3, and its value is
obtained through numerical simulations as 0.01. This procedure
is usually employed in HOSM applications for evaluation of
bounds [29]. Based on these bounds, the gains K11 , K12 , and
K13 are selected as 0.009, 0.018, and 8, respectively. It can be
clearly seen that these gains satisfy condition (35). Similarly,
the gains for the other states of the subsystem S2 can be selected
as K21 = 10, K22 = 60, K23 = 25, K31 = 3, K32 = 20, and
K33 = 10.
For the gain design of the NLO, the Jacobian of the nonlinear function Φ(x, t) and its bound are evaluated through

B. Simulation
To generate the road profile, the mathematical model provided in (3) is employed. Depending on the class of road
roughness [4], different profiles can be generated using this
mathematical model (3). CarSim employs these road profile
data to generate an input for the vehicle simulation. Similarly,
to consider the effect of dynamic friction, the LuGre friction
model [3] has been employed. This dynamic friction model
replicates the tire friction as the surface conditions varies due
to variation in the road adhesion coefficient [19]. By employing
this friction model, the generated dynamic friction is then provided as input to CarSim which employs the same to generate
the longitudinal force Fx . Similarly, for the engine friction, the
mathematical model [1] that is dependent on engine crankshaft
speed of rotation has been considered as input to the CarSim
model. In the presence of transmission losses and uncertainties
together with the engine friction considered, the third unknown
input f3 (x, t) is suitably determined. The nonlinearities of the
system also play a critical role in the analysis of vehicle dynamics. The influence of the suspension nonlinearity is shown
in Fig. 3(b).
It shows that the suspension nonlinearity warrants the presence of an active control force to negate its effect. This control
effort can be provided in the active suspension system as a
function of the suspension deflection (sky hook control) or
the tire deflection (ground hook control). As shown earlier in
(4), the vertical load is influenced by the road profile. The
tire friction obtained as a variation of vertical load to the
longitudinal force is thus affected by the road profile implicitly.
It can also be seen that the model of road profile considered in
(3) depends on the vehicle velocity, as discussed in [30].
C. Vehicle Accelerating Motion: No Speed Controller
In this driving scenario, the vehicle was allowed to accelerate
under open-loop throttle input in the absence of a predefined
speed controller. The estimation of the states of the system
under this driving condition is shown in Fig. 2. To further
supplement this, the norm of the estimation error e of all
the states is shown in Fig. 3(a). It can be clearly seen that the
estimation error is confined to a very small bound. This shows
that the estimation of the states is accurately obtained under
the influence of unknown inputs and system nonlinearities
using the proposed observer. The unknown inputs were then
reconstructed using (26) and (27).
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Fig. 4. Reconstruction of (a) ζ, (b) Fx , (c) f3 (x, t), and (d) μ.

reconstructed from the estimated longitudinal force, as shown
in Fig. 4(d). It can be seen that the estimation remains accurate
even when the vehicle is faced with varying road surface
and a class-D (poor) road profile in the presence of system
nonlinearities.
D. Vehicle Motion: Proportional–Integral Speed Controller
Fig. 2. Estimation of states (a) zs , (b) zu , (c) żs , (d) żu , (e) vr , and (f) we x.

Fig. 3. (a) Norm of the estimation error. (b) Effect of suspension nonlinearity.

The reconstruction of the road profile and longitudinal friction force is shown in Fig. 4(a) and (b), respectively. The
reconstruction of the unknown input f3 (x, t) composed of the
engine friction and the uncertainties is shown in Fig. 4(c). It can
be seen that the reconstruction is accurate even in the presence
of system nonlinearities. Now, the coefficient of friction can be

In this driving scenario, a reference speed profile was provided from the CarSim simulation environment, as shown in
Fig. 5(b). The main criterion for selection of this velocity profile
was to replicate the low slip conditions [see Fig. 5(a)]. The
focus in this driving scenario is on the changes in vehicle
velocity profile and its subsequent effects on the estimation
procedure. To perform this analysis, the road surface is varied
from dry to snow conditions over time. Furthermore, a class-D
road profile is selected under the effect of system nonlinearities.
The norm of the estimation error shown in Fig. 5(c) shows the
effectiveness of the state estimation with the proposed method.
It can be further concluded from Fig. 6(a) that the estimation
road profile is accurate. Furthermore, the estimation of the
longitudinal friction force f2 (x, t) is accurate, as shown in
Fig. 6(b). The estimation of the friction coefficient is shown
in Fig. 6(c). By increasing the throttle input continuously, a
slip ratio greater than 30% can be achieved such that the tire
road force becomes saturated. In such a case, the longitudinal
friction force can be easily determined using the proposed
observer.
Although the estimation results are accurate, the unknown
input estimation is prone to parametric uncertainties and
modeling mismatch. The existence of model mismatch between
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the estimation of longitudinal friction force, the dynamic tire
friction was consequently estimated. The simulations for different driving scenarios are performed on high-fidelity vehicle
simulation software CarSim to demonstrate the effectiveness of
the proposed scheme.
A PPENDIX A
L IPSCHITZ C ONTINUITY FOR Φ(x, t)
The nonlinear function Φ(x, t) in system dynamics (9) consists of the nonlinearity Ψ(x, t). To analyze the Lipschitz
continuity, the nonlinear function Ψ(x, t) can be divided into
Ψ1 and Ψ2 as follows:

Ψ = Ψ1 + Ψ2

Ψ1 = ksnl x321 , Ψ2 = bsnl |x34 |sign(x34 ).

Fig. 5. Depiction of (a) SlipL2 , (b) v, and (c) e.

In Ψ1 and Ψ2 , the physical states (zs , zu , żs , and żu ) of
the automotive suspension system are bounded and satisfy
Assumption 3.5. For the nonlinear function Ψ2 , the continuity
can be established at every point except at the origin, where
|x34 | = 0. To evaluate the Lipschitz constant, the Jacobian of
the nonlinear functions Ψ1 and Ψ2 can be computed as


JΨ1 = 3ksnl x221 −3ksnl x221
⎤T
⎡

sign(x34 )
2bsnl δ(x34 ) (|x34 |) + bsnl√
2 |x34 |
⎦

JΨ 2 = ⎣
sign(x34 )
−2bsnl δ(x34 ) (|x34 |) − bsnl√
2

Fig. 6. Reconstruction of (a) ζ, (b) Fx , and (c) μ.

the CarSim and the observer affects the estimation of unknown
inputs, and it can be observed in the zoom portion of Fig. 6(c).

|x34 |

where δ represents the Dirac function. It can be seen that the
Jacobian JΨ2 is not computable when |x34 | = 0. Thus, the
Lipschitz continuity for the nonlinear function Φ(x, t) can be
established locally except at the origin. We can show that


JΨ1 ∞ = max 3ksnl x221  ≤ a1




JΨ2 ∞ = max 2bsnl δ(x34 ) (|x34 |)


bsnl sign(x34 ) 

+
 ≤ a2
2 |x34 | 
where a1 and a2 are bounds computed through numerical
simulations. Thus, the norm of the Jacobian JΦ can be shown
to be bounded as JΦ ∞ ≤ a1 + a2 , and the Lipschitz constant
for Φ(x, t) is given as lα = a1 + a2 .

V. C ONCLUSION
In this paper, a HOSM observer based on modified STA
in combination with NLO has been developed for state and
unknown input estimation for the integrated nonlinear vertical
and longitudinal quarter vehicle model. Under the Lipschitz
condition for the nonlinear functions, the convergence of the
estimation error is proved. The proposed scheme accurately
estimates the states and the unknown inputs even in the presence of uncertainties. The random road profile, the longitudinal
friction force, and the engine friction with uncertainties were
treated as unknown inputs and were accurately estimated from
the sliding mode without the use of a low-pass filter. With

A PPENDIX B
T RANSFORMATION
For the general automotive vehicle system considered in (9),
without loss of generality, it is assumed that the output matrix
has the form C = [0 I]. It is assumed that the number of
outputs is the same or more than the total number of unknown
inputs and nonlinearities. Thus, we obtain p ≥ r + q and q̃ =
p − (q + r). Partition [G E] such that


G̃1 Ẽ1
[G E] =
G̃2 Ẽ2
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where G̃1 ∈ R(n−p)×r , and Ẽ1 ∈ R(n−p)×q . From above, we
have C[G E] = [G̃2 Ẽ2 ]. As ([G̃2 Ẽ2 ]) is full rank, there
exist a matrix T1 and a nonsingular matrix T2 ∈ Rp×p such that
[G̃1 Ẽ1 ] = [T1 G̃2 T1 Ẽ2 ]
⎤
⎡
G21 0r×q
T2 [G̃2 Ẽ2 ] = ⎣0q̃×r 0q̃×q ⎦
0q×r E22
where G21 ∈ Rr×r and E22 ∈ Rq×q are of full rank. Now,
we can construct a nonsingular transformation matrix S that
transforms


In−p −T1
S=
0 T2
⎡
⎤


0(n−p)×r 0(n−p)×q
G1 0(n−q)×q
⎣
⎦
G21 0(p−q)×q =
S[G E] =
.
0q×r E22
0(p−r)×r E22
A PPENDIX C
M ODIFIED S UPER -T WISTING A LGORITHM
Let us consider the following uncertain system:

ės (t) = ν(t) + δ(es , t)
es (t0 ) = es0

(30)

(31)

where φ1 (es (t)) and φ2 (es (t)) are defined in (17) and (18), and
K1 , K2 , and K3 are appropriately designed positive constants.
It is assumed that the perturbation δ(es , t) can be written as

with the bounded terms

δ
 1 (es , t) ≤ ρ1 es 


δ̇2 (es , t) ≤ ρ2

4 +2 λ+8

3

(1 + 2 ρ1 )2
+ λρ1 + 4 2 ρ1
+
. (35)
λ
4 λ

V̇ ≤ −

λmin (Δ) K32
V
1
λ 2 (Q) 2

1
2

−

max

0

δ(es , t) = δ1 (es , t) + δ2 (es , t)

Employing the Lyapunov function V (Υ) = ΥTQΥ, the stabil
λ + 4 2 −2
T
,
ity analysis can be performed with Q = Q =
−2
1
λ > 0, and > 0. It is worth noting that the matrix Q is positive
definite if λ and are any real number. To guarantee the positive
definiteness of matrix Δ similar to [19] and [28], one chooses
K2 = λ + 4 2 + 2 K1 . Matrix Δ is positive definite if

With K3 > 0, it can be shown that

t
φ2 (es (t)) dt

t
with es1 = es and es2 = δ2 − K2 0 φ2 (es1 ) dt. Considering
new states Υ = [Υ1 Υ2 ]T = [φ1 (es1 ) es2 ]T , system (34)
can be rewritten as

   

−1
K3
0
δ
2
Υ̇ = 1 +
|es1 |
+
A0 ξ + 1
.
0
δ̇2
2

K1 >

where δ(es , t) is the unknown input/ perturbation, and
ν(t) = −K1 φ1 (es (t)) − K2

where K1 > 0 and K2 > 0 are appropriately designed. Systems
(30) and (31) can be equivalently represented by the system of
two first-order equations, i.e.,

ės1 = es2 − K1 φ1 (es1 ) + δ1
(34)
ės2 = −K2 φ2 (es1 ) + δ̇2

(32)

(33)

for some positive constants ρ1 and ρ2 .
Remark 4: The sliding dynamics in (19) can be expressed in
the form of (30). Furthermore, condition (20) is similar to (32).
Proposition 1: Under Assumption 2, the origin of system
(30) is a finite-time stable equilibrium point. Furthermore, the
t
term K2 0 φ2 (es (t)) dt provides a smooth estimation of the
unknown perturbation δ2 (es , t) in finite time.
Proof: The term K3 is tuned in order to withstand persistently exciting perturbation terms. Indeed, since√φ2 (e) ≥
K32 /2, one gets δ̇2 (es , t) ≤ φ2 (es ). If K3 ≥ 2ρ2 , let us
select a Hurwitz matrix A0 , i.e.,


−K1 1
A0 =
−K2 0

λmin (Δ)
V.
λmax (Q)

The closed-loop system (34) is practically stabilized in finite
time. With Υ converging to zero in finite time, es1 and es2
t
converge to zero. Therefore, the term K2 0 φ2 (es (t)) dt provides a smooth estimation of the unknown perturbation δ2 (es , t)
in finite time.
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