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Abstract

This paper presents an analysis of the tradeoff between repeated communications and computations for a
fast distributed computation of global decision variables in a model-predictive-control (MPC)-based
coordinated control scheme. We consider a coordinated predictive control problem involving uncertain and
constrained subsystem dynamics and employ a formulation that presents it as a distributed optimization
problem with sets of local and global decision variables where the global variables are allowed to be
optimized over a longer time interval. Considering a modified form of the dual-averaging-based distributed
optimization scheme, we explore convergence bounds under ideal and non-ideal wireless communications
and determine the optimal choice of communication cycles between computation steps in order to speed up
the convergence per unit time of the algorithm. We apply the algorithm for a class of dynamic-policy based
stochastic coordinated control problems and illustrate the results with a simulation example.
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1. Introduction

Coordinated control of networked dynamical systems that form the interacting components of
a large, complex system has been widely researched for the past several years [1,2]. Growing
ubiquity of wireless communication as a medium of interaction has, in the recent years, fueled
interest in coordinated control for a variety of applications including those that involve
dynamically decoupled autonomous mobile systems such as multi-vehicle systems where the
subsystems need to agree on some common quantity of interest in order to achieve a shared goal
(e.g., [3–5]). Coordinated operation of multi-agent systems, for instance, for consensus or
synchronization, has received extensive attention from the research community [2,6] and control
schemes have been explored for agents with simple scalar dynamics to complicated multi-
dimensional dynamics (e.g., [1,7–15]. Several works such as [16,17,4,18] have analyzed the
performance of the control schemes under various inter-subsystem communication conditions
such as time-varying communication topology (e.g., [16,17,4]), noisy communications (e.g.,
[18]), delayed or failed communications (e.g., [19,9–11]). This paper deals with a model
predictive control (MPC)-based approach for a class of coordinated control problems where the
subsystems directly compute the common quantities of interest through distributed optimization
under wireless inter-subsystem communications.

MPC-based approaches have been extensively explored in the context of coordinated control.
Several papers such as [20–24,15,25,26] address the problem for dynamically decoupled
subsystems and offer approaches in which, typically, local MPC problems are solved in each
member either sequentially or in parallel together with some coordinating mechanism to ensure
stability. Papers [23–26,15] deal with consensus- or synchronization-related control problems
and achieve the objective without directly computing the consensus or synchronization
trajectory. Ideal communications without delays or losses are assumed in the proposed schemes.
A direct optimization of the consensus variable is considered in [25,26] for an MPC-based
consensus scheme using a subgradient-based distributed negotiation algorithm. The solutions in
these papers are based on the standard finite-horizon MPC optimization for subsystems with
time-invariant dynamics and without uncertainties and disturbances, and are obtained without
incorporating computational delays and possible effects of non-ideal inter-subsystem commu-
nications. In [27,28], the authors have considered a more general problem involving a time-
varying consensus signal, and have incorporated uncertainties in subsystem dynamics and
computational delays in distributed optimization by considering an extended dynamic-policy-
based robust MPC formulation. The consensus signal is optimized using a dual-decomposition-
based distributed algorithm which is required to give converged solutions within a pre-specified
interval to ensure a desired performance.

In this paper, we consider the problem of analyzing and speeding up of the convergence of the
global variables optimized with a distributed algorithm under wireless inter-member
communications in an MPC-based coordinated control scheme. While we employ the
dynamic-policy-based local MPC formulation similar to that in [28], for the optimization of
the common variables, we consider the primal decomposition of the overall MPC problem, and
propose a modified form of the dual-averaging-based distributed optimization algorithm [29]
which allows us to analytically explore the convergence characteristics of the global variables
under ideal and non-ideal inter-subsystem wireless communications. The modified algorithm
essentially employs multi-step network-wide averaging of the dual variables every iteration so
that local instances of the global variable converge closer even as the average solution converges
to the optimal solution. This convergence is desirable in our MPC-based formulation of the
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coordinated control problem since a converged global variable ensures stability even if it is sub-
optimal. Further, it improves the per-unit-time convergence of the optimization algorithm,
particularly if the communication times are smaller. However, since the modified algorithm
requires both more time and more communications power every iteration, a tradeoff exists and
we explore an optimal design though the solution of an optimization problem.
We apply the distributed optimization algorithm for a stochastic-MPC-based coordinated

control problem where we minimize the expected infinite horizon costs so as to ensure that the
variance of the deviation of the overall state from the desired state is bounded by a chosen
constant. We illustrate the results with numerical examples including one arising in formation
flying of satellites on a two-dimensional space.
The rest of the paper is organized as follows. We give a description of the MPC-based

coordinated control problem setup in Section 2. In Section 3, we discuss the modified dual-
averaging-based distributed optimization technique and present our results on convergence
bounds over iterations under ideal and non-ideal inter-subsystem communications. We also
explore the design to speed up the per-unit-time convergence of the solution in this section. We
consider the application of the algorithm with the dynamic-policy-based MPC implementation in
Section 4 and present some simulation results in Section 5. Finally, we end the paper with some
concluding remarks in Section 6.
Notations:I ðInÞ denotes an identity matrix (of size n� n) and 1 denotes a vector of all ones.

For a signal x(t), xðt þ ijtÞ represents the value of xðt þ iÞ predicted at time t. For a vector x, x½i�
denotes its ith component, JxJp represent its p-norm and JxJ� represents its dual norm
sup Ju J ¼ 1x

Tu to a norm J :J . For vectors x and y, ðx; yÞ denotes ½xT yT�T. For a matrix X, X½i;:�
represents its ith row and X½i;j� denotes the element on its ith row and jth column. JX J represents
the spectral norm of X. X � Y represents the Kronecker product of X and Y, and diag(X; Y)
denotes a block diagonal matrix with blocks X and Y. For a n� n matrix W,
s1ðWÞZs2ðWÞZ…ZsnðWÞ denote its singular values and for a real symmetric n� n matrix
W, λ1ðWÞZλ2ðWÞZ…ZλnðWÞ denote its eigenvalues. Zþ and Rþ represent the sets of non-
negative integers and real numbers respectively. Nn represents the set f1; 2;‥; ng. � denotes set
addition and ⊖ denotes set difference. A set S is called a C-set if it is compact, convex and
contains the origin in its interior. Given a matrix A and a C-set X , AX ¼ fA xjxAXg.
2. Model predictive coordinated control problem setup

2.1. System dynamics and control objective

We consider a system comprising N subsystems labeled r¼ 1; 2;‥;N and described by

xrðt þ 1Þ ¼ ArðtÞxrðtÞ þ BrðtÞurðtÞ þ DrðtÞwrðtÞ þ ErðtÞθðtÞ ð1aÞ

with ArðtÞ BrðtÞ DrðtÞ ErðtÞ½ � ¼ Ar Br Dr Er

� �þXnνr
j ¼ 1

AΔj
r BΔj

r DΔj
r EΔj

r

� �
νr½j�ðtÞ ð1bÞ

where xrðtÞARnxr is the state of subsystem r, urðtÞARnur is the control input applied to it,
νrðtÞARnνr and wrðtÞARnwr are external disturbances affecting it. θðtÞARnθ is a global
coordinating signal common to all subsystems and is to be chosen to meet some system-wide
objective, e.g., of minimizing the overall cost of steering the states of all subsystems to the
origin. xrðtÞ and urðtÞ are supposed to satisfy the constraint xrðtÞ; urðtÞ; θðtÞð ÞAΞr where Ξr is a
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C-set and θðtÞ is supposed satisfy another constraint θðtÞASθðtÞ where SθðtÞ is a C-set, possibly
depending on some other time varying parameter. Further, we make the following assumptions:

A1 The disturbances νrðtÞ and wr(t) for each rANN are bounded, i.e., νrðtÞAVr and wrðtÞAWr,
tAZþ, where Vr and Wr are C-sets.

A2 The time-varying subsystem (1a) for each rANN is stabilizable via linear state feedback.

Further, we assume that each subsystem can exchange information with a set of its
neighbouring subsystems typically via wireless communications based on the underlying inter-
subsystem communication architecture which is represented by a graph G¼ ðN ; EÞ comprising a
set of nodes N ¼NN and a set of edges E. This means that each subsystem or member rAN can
directly communicate only with a set of its neighbours denoted by N r ¼ fl∣fr; lgAEg. We
assume that, ideally, the underlying communication graph G is undirected and is connected.

We are interested in the control of the overall system in such a way that the system state
xðtÞ ¼ x1ðtÞ; x2ðtÞ;…; xNðtÞð Þ is driven close to the origin by applying, at each time step t, the
control inputs obtained by solving an optimization problem formulated to minimize a predicted
cost function of the formXN

r ¼ 1

X1
i ¼ 0

Q
1
2
r xrðt þ ijtÞð Þ

��� ���2 þ R
1
2
r urðt þ ijtÞð Þ

��� ���2� �
; Qrg0; Rrg0; r¼ 1;‥;N ð2Þ

in some appropriate sense (nominal, robust or stochastic). The objective is to formulate a
computationally tractable MPC problem for each subsystem allowing for possible computational
delays in optimizing the common variables θðt þ ijtÞ; iAZþ under possibly non-ideal inter-
subsystem communications and to develop a distributed procedure for solving the overall MPC
problem in as small time as possible.

Remark 1. A number of coordinated control problems such as approximate consensus or
synchronization problems can be expressed with the description and cost objective considered in
(1)–(2). For instance, let us consider that we have subsystems with actual states, inputs and
disturbances xar ðtÞ, uar ðtÞ, wa

r ðtÞ satisfying the dynamics

xar ðt þ 1Þ ¼ ArðtÞxar ðtÞ þ BrðtÞuar ðtÞ þ Da
r ðtÞwa

r ðtÞ
yar ðtÞ ¼Crx

a
r ðtÞ

for each rANN with Ar(t) and Br(t) as in Eq. (1b) and the nominal system matrices Ar;Br

satisfying

ArSr þ BrUr ¼ SrAς; CrSr ¼ Cς

for some SrARnxr�nς , UrARnur�nς , AςARnς�nς and CςARnφ�nς , where Aς and Cς describe an
exosystem

ςðt þ 1Þ ¼ AςςðtÞ þ θðtÞ; φðtÞ ¼ CςςðtÞ
Then, defining xrðtÞ ¼ xar ðtÞ�SrςðtÞ, urðtÞ ¼ uar ðtÞ�UrςðtÞ and θðtÞ ¼ ςðt þ 1Þ�AςςðtÞ, we see
that xr(t) and ur(t) follow Eq. (1a) with ErðtÞ ¼ �Sr and some Dr(t) and wr(t), and that driving
xr(t) and ur(t) to the origin implies synchronizing the subsystem outputs yar ðtÞ; r¼ 1;‥;N all with
the output φðtÞ of the common exosystem. □
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2.2. Control variable parameterization

An MPC strategy involves a proper parameterization of predicted input variables in terms of a
finite number of decision variables and past uncertainties to ensure tractability and reduced
conservativeness. We parameterize the predicted future decision variables θðt þ ijtÞ, iAZþ, and
urðt þ ijtÞ, iAZþ, r¼ 1;‥;N as the future outputs of stable systems. In particular, we express
θðt þ ijtÞ as

θðt þ ijtÞ ¼Cϑϑðt þ ijtÞ; iAZþ ð3aÞ
where ϑðt þ ijtÞARnϑ , iAZþ are the predicted states of a stable autonomous system

ϑðt þ 1Þ ¼ AϑϑðtÞ ð3bÞ
starting from ϑðtjtÞ ¼ ϑðtÞ. Further, we consider the subsystem input paramterization of the form:

urðt þ ijtÞ ¼ Kr xrðt þ ijtÞ þ drðt þ ijtÞ; iAZþ; ð4aÞ
where Kr is a feedback gain optimal in some sense (e.g., LQ optimal for some nominal
subsystem dynamics, H1-optimal for a given gain, etc.), and drðt þ ijtÞ, iAZþ are predicted
perturbations to the feedback input Krxrðt þ ijtÞ, added mainly to ensure the satisfaction of
constraints, and parameterized as the predicted future outputs of a controller system described by

ξrðt þ 1Þ ¼GrðtÞξrðtÞ þMrðtÞϑðtÞ þ FrðtÞwrðtÞ; drðtÞ ¼HrξrðtÞ ð4bÞ
Here, ξrðtÞARnξr is the subsystem controller state. The controller matrices Gr(t), Mr(t) and Fr(t)
are assumed to follow the same kind of time-variation as the subsystem matrices. That is, we
assume that, for any time tAZþ, ½GrðtÞ MrðtÞ FrðtÞ� is given by

½GrðtÞ MrðtÞ FrðtÞ� ¼ ½Gr Mr Fr� þ
Xnνr
j ¼ 1

GΔj
r MΔj

r FΔj
r

� �
νr½j�ðtÞ: ð4cÞ

In (4b) and (4c), Hr Gr, Mr Fr, G
Δj
r , M

Δj
r F

Δj
r , j¼ 1;‥; nνr are design matrices.

The particular forms of parameterizations in Eqs. (3) and (4) not only reduce the
conservativeness in the prediction of local control inputs for the uncertain subsystem dynamics
(see e.g., [30,31]) but also ensure that the resulting control optimization problem remains
tractable and decomposable [28]. Given the parameterizations in Eqs. (3) and (4), the problem of
minimizing the cost (2) in some sense involves, as decision variables, the controller matrices Cϑ,
Aϑ and Hr, Gr, Mr Fr, G

Δj
r , M

Δj
r F

Δj
r , j¼ 1;‥; nνr , r¼ 1;‥;N and the vectors ϑðtÞ and ξrðtÞ,

r¼ 1;‥;N. Matrices Cϑ and Aϑ are chosen depending on how θðt þ ijtÞ supposed to evolve. To
keep the problem simple, we intend to compute all the matrix variables off-line separately for
each subsystem, and allow the vectors ϑðtÞ and ξrðtÞ, r¼ 1;‥;N to be optimized on-line.
Subsystem controller matrices determine the feasibility domain as well as the predicted control

performance of the local control policy of each subsystem. Defining an augmented subsystem
state ζrðtÞ ¼ xrðtÞ; ϑðtÞ; ξrðtÞð Þ, the augmented dynamics can be expressed as

ζrðt þ 1Þ ¼ArðtÞζrðtÞ þDrðtÞwrðtÞ ð5Þ
where the augmented subsystem matrices can be written as

ArðtÞ ¼
ArðtÞ þ BrðtÞKr ErðtÞCϑ BrðtÞHr

0 Aϑ 0

0 MrðtÞ GrðtÞ

264
375¼Ar þ

Xnνr
j ¼ 1

AΔj
r νr½j�ðtÞ;
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DrðtÞ ¼
DrðtÞ
0

FrðtÞ

264
375¼Dr þ

Xnνr
j ¼ 1

DΔj
r νr½j�ðtÞ:

where Ar , Dr, AΔj
r , DΔj

r , j¼ 1;‥; nνr are nominal and other parts of ArðtÞ and DrðtÞ consistent
with the definitions in Eqs. (1b) and (4c).

Depending upon the overall control objective, we intend to determine the controller matrices
for each subsystem by ensuring that the augmented subsystem (5) offers a desired constraint
admissible set for the subsystem state xr(t) and that the closed loop subsystem satisfies some
stability criterion (nominal, H1, stochastic etc.). In Section 4, we briefly describe how these
matrices are determined for the case of subsystems with stochastic disturbances.
2.3. MPC problem formulation

Assuming that the augmented dynamics of each subsystem rANN are stable in the desired
sense, the part of the cost in Eq. (2) associated with that subsystem, viz.,X1

i ¼ 0

Q
1
2
r xrðt þ ijtÞð Þ

��� ���2þ R
1
2
r urðt þ ijtÞð Þ

��� ���2� �
;

can be approximated, represented in some sense or upper bounded by a convex function

Jr xrðtÞ;ϑðtÞ; ξrðtÞð Þ, typically of the form Jr xrðtÞ;ϑðtÞ; ξrðtÞð Þ ¼ P
1
2
r xrðtÞ; ϑðtÞ; ξrðtÞð Þ

��� ���2, where Pr

is some Lyapunov matrix (see Section 4). Further, we can compute a polyhedral set Zr which is
invariant for the dynamics in Eq. (5), i.e., which satisfies

ArðtÞZr � DrðtÞWrDZr; 8νrðtÞAVr: ð6Þ
Next, we make the following assumption regarding the constraint θðtÞASθðtÞ:

A3 The constraint θðtÞ ¼ CϑϑðtÞASθðtÞ can be represented by ϑðtÞASϑðtÞ where SϑðtÞ is a
bounded polyhedral set satisfying AϑSϑðtÞDSϑðt þ 1Þ; 8 tAZþ.

The overall MPC optimization to be carried out at time t can then be written as

min
ϑðtÞ;ξrðtÞ;r ¼ 1;‥;N

XN
r ¼ 1

Jr xrðtÞ;ϑðtÞ; ξrðtÞð Þ

such that ϑðtÞASϑðtÞ; xrðtÞ; ϑðtÞ; ξrðtÞð ÞAZr: ð7Þ
We call problem (7) the overall MPC optimization problem at time t. The overall cost function

is the sum of the members’ individual cost functions which are coupled by the common global
variable ϑðtÞ. If ϑðtÞ is known, each member rANN can independently compute the local control
input by solving the problem

min
ξrðtÞ

Jr xrðtÞ;ϑðtÞ; ξrðtÞð Þ

such that xrðtÞ; ϑðtÞ; ξrðtÞð ÞAZr: ð8Þ
We refer to problem (8) as the local MPC problem of member r at time t. Note that because of the
way in which the set Zr is constructed, the set-inclusion constraint in (8) ensures that all
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subsystem constraints are satisfied for all times by the predicted states and inputs based on the
dynamics (5).

2.4. Incorporating computational delays

Assuming that computational resources are distributed across members, we intend to solve
problem (7) in a distributed way in real time. However, solving such an optimization problem
may result in significant computational delays. In order to ensure that the newly optimized local
and global input signals remain optimal during the time of implementation, we formulate the
input parameterization in Eqs. (3)–(4) in such a way that the predicted input variables for a future
time instant are optimized instead of those to be applied at the current time step. To allow such an
optimization with a performance guarantee for uncertain subsystems, we consider special
structures in the controller matrices as considered in [28].
Let us consider that we wish to allow Tc time steps for the computation of ϑðtÞ using some

algorithm. Then, we let ϑðtÞ, Aϑ and Cϑ have the structure ϑðtÞ ¼ ϑ½0�ðtÞ;ϑ½1�ðtÞ;…; ϑ½p�ðtÞ� �
;

Aϑ ¼

0 I 0 … 0

0 0 I … 0

⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 … A½q�

ϑ

0 0 0 … A½p�
ϑ

26666664

37777775; Cϑ ¼ I 0 0 … 0
� � ð9Þ

where p¼ Tc and q¼ Tc�1. Here, the components ϑ½0�ðtÞ;‥;ϑ½p�1�ðtÞ of ϑðtÞ give the predicted
θðt þ ijtÞ, i¼ 0;‥; p�1. Predicted θðt þ ijtÞ, iZp will depend on the matrices A½q�

ϑ and A½p�
ϑ

which should be appropriately chosen.
In a similar way, we consider ξrðtÞ to have the form ξrðtÞ ¼ ξ½0�r ðtÞ; ξ½1�r ðtÞ;…; ξ½p�r ðtÞ� �

, and let
the matrices Gr, Fr and Hr have the structure

Gr ¼

G
½00�
r G

½01�
r 0 … 0

G
½10�
r G

½11�
r G

½12�
r … 0

⋮ ⋮ ⋮ ⋱ ⋮
G

½q0�
r G

½q1�
r G

½q2�
r … G

½qp�
r

G
½p0�
r G

½p1�
r G

½p2�
r … G

½pp�
r

266666664

377777775; Fr ¼

F
½0�
r

F
½1�
r

⋮
F
½q�
r

F
½p�
r

266666664

377777775; Hr ¼

H½0�T
r

0

⋮
0

26664
37775
T

: ð10Þ

with appropriate component dimensions. Furthermore, we let the matrices G
Δj
r and F

Δj
r have the

same structure as Gr and Fr, and Mr and M
Δj
r have the same structure as that of Gr. It is obvious

from the structure of the controller matrices in Eqs. (9) and (10) that the component ϑ½p�ðtÞ of ϑðtÞ
and ξ½p�r ðtÞ of ξrðtÞ will not be used in the update of the subsystem state until Tc steps later. Hence
they can be freely optimized employing the chosen optimization algorithm within Tc time steps
in order to determine the future updates of the global signal.
The suitable choice of Tc depends on the convergence properties of the distributed

optimization algorithm under the available inter-subsystem communications conditions. A larger
Tc increases the size of the MPC optimization problem and may also lead to conservative or less
optimal results. Hence, it is reasonable to find ways to achieve the optimization results within as
small Tc as possible. In the next section, we analyze convergence properties of a modified dual-
averaging-based distributed optimization algorithm and discuss an optimal use of communication
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cycles to improve the per-unit-time convergence of the optimization algorithm under ideal and
non-ideal communication conditions.

3. Distributed optimization for model predictive coordinated control

3.1. Modified dual-averaging-based distributed optimization

It is obvious that problem (7) at each time t is of the form

min
ϑAV;ðχr ;ϑÞASχr ;r ¼ 1;‥;N

XN
r ¼ 1

f rðχr;ϑÞ ð11Þ

where V ¼ SϑðtÞ and Sχr ; r¼ 1;‥;N are convex polyhedral sets. Also, for each rANN , χr
represents the variables associated with subsystem r only, whereas ϑ is a coupling variable
common to all. In this work, for a distributed solution of problem (11), we consider a
subgradient-based solution employing the decomposition of the primal function (see e.g., [32],
Chap. 6). Using a local instance of the common variable ϑ in each subproblem, we can write
problem (11) in the form

min
ϑAV

XN
r ¼ 1

hrðϑÞ ð12Þ

where the component function hrðϑÞ is defined as

hrðϑÞ ¼ min
ðχr ;vr ÞA Sχr

vr ¼ ϑ

f rðχr; vrÞ ð13Þ

Since the cost function in the minimization problem in (13) is convex and the constraints are
polyhedral, it follows from standard results (see, e.g., [25]) that hrðϑÞ is a convex function and its
subgradient at ϑ is given by the optimal dual variable corresponding to the equality constraint
vr ¼ ϑ.

The solution, using decentralized computations, of an optimization problem of the form (12)
that involves a separable objective function has received much attention in the recent years
[33,34,29,35,36]. Various solution approaches that have been proposed typically have iterative
computations at N different computing agents, each handling one component of the objective
function, and employ some kind of averaging of local instances of some global variable through
inter-agent communications at each step. When solutions are required within specific time
intervals for some real-time application, a better management of inter-step communications may
lead to an optimal utilization of the available time. In this paper, we consider the analysis for a
modified form of the distributed optimization approach of [29] which is based-on the dual-
averaging method [37].

The dual-averaging-based distributed optimization algorithm involves the computation of a
pair of vectors vðkÞr and zðkÞr through iterations k ¼ 0; 1 ,.. for each node rANN such that the dual
vectors zðkÞr , r ¼ 1;‥;N are updated employing a weighted-averaging over their neighbourhoods
at each iteration. To describe this averaging over G at each iteration, we define an underlying
sparse symmetric weight matrix W which belongs to the set W defined as

W ¼ WARN�N
þ ∣W ½i;r� ¼ 0 8fi; rg=2bE ;W1¼ 1; 1TW ¼ 1T

n o
: ð14Þ
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with bE ¼ E; f1; 1g; f2; 2g;‥; fN;Ngf g. Here, W is a doubly stochastic matrix and is assumed to
represent weights during ideal communications. The actual weight matrix W ðkÞ that is used at
iteration k will lie in W but it may not be the same as W . The optimization algorithm of [29]
employs the following updates for each rANN at each iteration:

zðkþ1Þ
r ¼

X
jAN r

W ðkÞ
½r;j�z

ðkÞ
j þ gðkÞr ð15aÞ

vðkþ1Þ
r ¼ VV zðkþ1Þ

r ; αðkÞ
� � ð15bÞ

where gðkÞr A∂hr vðkÞr

� �
is a subgradient of hr vðkÞr

� �
, αðkÞ is a non-increasing positive step-size and

VV .,.ð Þ is defined as

VV z; αð Þ ¼ argmin
vAV

zTvþ 1
α
ψðvÞ

� �
ð16Þ

with ψ : V-R being a proximal function satisfying the 1-strong-convexity property:

ψðuÞZψðvÞ þ ∇ψTðvÞðu�vÞ þ 1
2
Ju�vJ2; 8v; uAV: ð17Þ

An obvious choice of ψð:Þ is ψðvÞ ¼ 1
2 JvJ

2
2, though other choices are possible [37]. In Eq. (15),

the first update equation involves communications between neighbouring nodes and allows the

mixing of the dual-values. Defining the stacked vector zðkÞ ¼ zðkÞ1 ; zðkÞ2 ;…; zðkÞN

	 

and

gðkÞ ¼ gðkÞ1 ; gðkÞ2 ;…; gðkÞN

	 

, this equation can be written as

zðkþ1Þ ¼ W ðkÞ � Inϑ
� �

zðkÞ þ gðkÞ ð18Þ
In the case of problems where the local updates require substantial calculations or the computing
resources at each node are limited, it would make sense to allow more mixing through averaging
sub-iterations before the subsequent computing step (15b) is initiated. Furthermore, the
subgradients at step k can be shared together with dual values at k. Therefore, in the sequel, we
consider the following modified form of the equation to update zðkÞ:

zðkþ1Þ ¼ W ðk½η�1�ÞW ðk½η�2�Þ ..W ðk½1�Þ� � � Inϑ
� �

zðkÞ þ gðkÞ
� � ð19Þ

where W ðk½l�ÞAW denotes the weight matrix used in the lth sub-iteration. The modified form of
the algorithm can be expected to speed up the convergence of the algorithm.

Remark 2. Distributed neighbourhood averaging such as in (18) is employed in many other
distributed optimization approaches such as [38,33,34] and the modification of the form (19) can
be considered with these algorithms as well. Expedited subgradient averaging in (19) as opposed
to the delayed one in Eq. (18) is not unreasonable in practical situations. The convergence
bounds that we present below are consistent with the fact that ideally for a fully connected
network, the bound should be the same as in a centralized solution where there is no contribution
from network effects.
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3.2. Convergence results

We now discuss the convergence properties of the modified dual-averaging-based algorithm in
order to explore the choice of η that gives the best possible convergence within a specific time
interval. In this context, let us consider the running average over iterations of the primal variables

for each rANN defined as bvðκÞr ¼ 1
κ

Pκ
k ¼ 1 v

ðkÞ
r and the network-wide averaged dual variable

defined as zðkÞ ¼ 1
N

PN
r ¼ 1 z

ðkÞ
r ¼ 1

N ð1T � Inϑ ÞzðkÞ. Also, we make the following assumption:

A4 For each rANN , hrðϑÞ is L-Lipschitz w.r.t. J :J , i.e.,

jhrðϑ1Þ�hrðϑ2ÞjrLJϑ1�ϑ2 J ; 8ϑ1;ϑ2AV
Here, A4 implies that any grA∂hrðϑÞ satisfies Jgr J�rL.

Now, defining hðϑÞ ¼ 1
N

PN
r ¼ 1 hrðϑÞ, we note the following basic convergence result.

Proposition 1. Let zðkÞr

� �
k ¼ 1;2 ,.. and vðkÞr

� �
k ¼ 1;2 ,.. be the sequences generated by the

update equations (19) and (15b) for each rANN . Then, for any v�AV, we have

h bvðκÞr

	 

�hðv�ÞrCG þ CN ð20aÞ

where

CG ¼ 1
καðκÞ

ψðv�Þ þ L2

2κ

Xκ
k ¼ 1

αðk�1Þ; ð20bÞ

CN ¼ L

κ

Xκ
k ¼ 1

αðk�1Þ 2
N

XN
j ¼ 1

zðkÞj �zðkÞ

�
þ
zðkÞr �zðkÞ


�

( )
: ð20cÞ

Proof. Following the lines of reasoning used in earlier works [33,29], we consider
averaged auxiliary sequences represented by zðkÞ

� �
k ¼ 1;2 ,.. and sðkÞ

� �
k ¼ 1;2 ,.. where zðkÞ is the

averaged dual variable defined earlier and sðkÞ ¼ VV zðkÞ; αðk�1Þ� �
. Clearly, the sequence

zðkÞ
� �

k ¼ 1;2 ,..satisfies zðkþ1Þ ¼ 1
N 1T � Inϑ
� �

zðkþ1Þ ¼ 1
N 1T � Inϑ
� �

∏η�1
l ¼ 0W

ðk½η� l�Þ � Inϑ

	 

zðkÞþ�

gðkÞ� ¼ 1T � Inϑ
� �

zðkÞ þ gðkÞ
� �¼ zðkÞ þ gðkÞ since 1T ∏η�1

l ¼ 0W
ðk½η� l�Þ

	 

¼ 1T.

Now, since zðkÞ
� �

k ¼ 1;2 ,.. evolves in the same way as the averaged sequence considered in

Theorem 1 of [29], the bound in Eq. (20) follows from the reasoning in that result. □

The statement of Proposition 1 resembles the basic convergence result in [29] since the
dependence of the bound in terms of the deviation of the local dual value from the averaged dual
value essentially remains the same. In Eq. (20), the bound components CG and CN respectively
represent the optimization error terms owing to the general gradient approach and to the lack of
full information at each node because of the sparsity of the communication graph.
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We next explore the convergence rates over iterations k under ideal and non-ideal

communications conditions. In the sequel, let ΦðkÞ denote the matrix product ∏η�1
l ¼ 0

	
W ðk½η� l�Þ



and let Φðk;jÞ be a matrix defined as Φðk;jÞ ¼ΦðkÞΦðk�1Þ…ΦðjÞ.

Proposition 2. Let ψðv�ÞrR2 for some R40 and let W ðk½l�Þ ¼W for all kAZþ; l¼ 1 ,.., η.
Under the step-size choice αð0Þ ¼ β and αðkÞ ¼ β=

ffiffiffi
k

p
, k¼ 1; 2 ,.. with β¼

R
L 1þ 6

ffiffiffi
N

p
sη2ðW Þ

1�sη2ðW Þ

� �� 1
2

, we have, for each rANN ,

h bvðκÞr

	 

�hðv�Þr 2ffiffiffi

κ
p RL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6

ffiffiffiffi
N

p
sη2ðW Þ

1�sη2ðW Þ

s
ð21Þ

Proof. Assuming zð0Þ ¼ 0, we have

zðkÞ ¼
Xk�1

j ¼ 0

Φðk�1;jÞ � Inϑ
� �

gðjÞ and zðkÞ ¼
Xk�1

j ¼ 0

ð11T=N � InϑÞgðjÞ:

Clearly, zðkÞr �zðkÞ for each rANN is given by

zðkÞr �zðkÞ ¼
Xk�1

j ¼ 0

Φðk�1;jÞ
½r;:� �1T=N

	 

� Inϑ

h i
gðjÞ

¼
Xk�1

j ¼ 0

XN
l ¼ 1

Φðk�1;jÞ
½r;l� �1=N

	 

gðjÞl

Hence,zðkÞr �zðkÞ

�
r
Xk�1

j ¼ 0

XN
l ¼ 1

Φðk�1;jÞ
½r;l� �1=N

 gðjÞl �
r
Xk�1

j ¼ 0

eTrΦðk�1;jÞ �1T=N

1
L¼ L

Xk�1

j ¼ 0

Φðk�1;jÞer�1=N

1

where erARN is the basis vector with 1 at the rth position.
Here, ΦðkÞ and Φðk;jÞ are doubly stochastic matrices. Following the fact that, for any eARN

þ
satisfying 1Te¼ 1 [39], a stochastic matrix WARN�N satisfies the relation

JWke�1=N J1 ¼ JðW�11T=NÞkeJ1r
ffiffiffiffi
N

p
JðW�11T=NÞkeJ2

rs2ðWÞ
ffiffiffiffi
N

p
JðW�11T=NÞk�1eJ 2r…rsk2ðWÞ

ffiffiffiffi
N

p
JeJ2;

we have,
 Φðk�1;jÞer�1
� �

1
rsk� j

2 ðΦÞ ffiffiffiffi
N

p
where Φ ¼W

η
. Hence, we have,zðkÞr �zðkÞ


�
rL

ffiffiffiffi
N

p Xk�1

j ¼ 0

sk� j
2 ðΦÞrL

ffiffiffiffi
N

p sη2ðW Þ
1�sη2ðW Þ
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Using this bound in Eq. (20), we have

h bvðκÞr

	 

�hðv�Þr R2

καðκÞ
þ L2

κ

1
2
þ 3

ffiffiffiffi
N

p
sη2ðW Þ

1�sη2ðW Þ

� �Xκ
k ¼ 1

αðk�1Þ

Considering the step-size rule αðkÞ ¼ β=
ffiffiffi
k

p
and noting that

Pκ
k ¼ 1

1ffiffi
k

p r2
ffiffiffi
κ

p �1, we see that the
above bound can be roughly minimized by choosing β as mentioned above, and with this value,
we arrive at the desired result. □

Proposition 2 gives a bound on the deviation of the value of the running average from the
optimal value under assumed ideal communications. The dependance of any such bound on the
second largest singular value of W is well established. The bound in Eq. (21) is valid when there
are no data losses and delays. However, wireless communication is prone to various kinds of
uncertainties leading to delays or packet dropouts. In the following, we incorporate the effects of
possible communications failures by introducing failure probabilities in the communication of
information between the neighbouring nodes.

Let us consider that the uncertainty in a communication attempt through a link fr; jgAE at
iteration k½l� is modeled with a Bernoulli random variable ϕðk½l�Þ

fr;jg , which is 1 if the communication
is successful and 0 if otherwise. We then define the weight matrix W ðk½l�Þ in the following way:

W ðk½l�Þ
½r;j� ¼

ϕðk½l�Þ
fr;jg W ½r;j� for jAN r

W ½r;r� þ
P

lAN r

ð1�ϕðk½l�Þ
fr;lg ÞW ½r;l� for j¼ r

0 otherwise:

8>>><>>>: ð22Þ

The above definition of matrix W ðk½l�Þ means that a node gives additional weight to its own
variable whenever the communication from a neighbour fails. The elements of W ðk½l�Þ are random
and the statistical properties of the matrix depend on the probability distribution of the random
variables ϕðk½l�Þ

fr;jg ; fr; jgAE. We make the following assumption about these variables.

A5 (a) The sequence ϕðk½l�Þ
fr;jg

n oη�1

l ¼ 0
, k¼ 0; 1;… is i.i.d. for all fr; jgAE.

(b) For each k½l�, ϕðk½l�Þ
fr;jg , fr; jgAE are all independent with each other.

Now, we have the following result on the convergence rate of the optimization algorithm
under non-ideal communications.

Proposition 3. Let W ðk½l�Þ be defined as in (22) and let μ¼ λ2 E W ðk½l�Þ� �2h i	 

. Under the step-

size choice αð0Þ ¼ β and αðkÞ ¼ β=
ffiffiffi
k

p
, k¼ 1; 2;… with β¼ R

L 1þ 6
ffiffiffi
N

p
μ
η
2

1�μ
η
2

� �� 1
2

, we have, for each

rANN ,

E h bvðκÞr

	 

�hðv�Þ

h i
r 2ffiffiffi

κ
p RL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6

ffiffiffiffi
N

p
μ

η
2

1�μ
η
2

s
ð23Þ
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Proof. Following the lines of argument used in the proof of Proposition 2,zðkÞr �zðkÞ

�
¼
Xk�1

j ¼ 0

L
 Φðk�1;jÞer�1=N
� �

1

¼
Xk�1

j ¼ 0

L
ffiffiffiffi
N

p  Φðk�1;jÞer�1=N
� �

2

Now we wish to find a bound on the expected value of JΦðk�1;jÞer�1=NÞJ2. Let eðkÞ and εðk½l�Þ

denote vectors that evolve as eðkÞ ¼ΦðkÞeðkÞ and εðk½lþ1�Þ ¼W ðk½l�Þεðk½l�Þ. Then,

E Jεðk½lþ1�Þ �1=N J2jεðk½l�Þ� �¼ E
W ðk½l�Þεðk½l�Þ �1=N

2jεðk½l�Þ� �
¼ E

 W ðk½l�Þ �11T=N
� �

εðk½l�Þ �1=N
� �2jεðk½l�Þ� �

¼ εðk½l�Þ�1=N
� �T

E W ðk½l�Þ �11T=N
� �T

W ðk½l�Þ �11T=N
� �h i

εðk½l�Þ �1=N
� �

¼ εðk½l�Þ�1=N
� �T

E W ðk½l�Þ� �2�11T=N
	 
h i


εðk½l�Þ �1=N
� �

rλ2 E W ðk½l�Þ� �2h i	 
 εðk½l�Þ �1=N
� �2

2
¼ μ
 εðk½l�Þ�1=N
� �2

2

Recursively applying the above relation from l¼0 to η, and noting that eðkÞ ¼ εðk½0�Þ and
eðkþ1Þ ¼ εððkþ1Þ½0�Þ ¼ εðk½η�Þ, we get,

E Jeðkþ1Þ�1=N J2jeðkÞ� �
rμη

 eðkÞ�1=N
� �2

2

Applying the above inequality from 0 to k with eð0Þ ¼ er and noting that Jer�1=N Jr1, we
get,

E
Φðk�1;jÞer�1=N

2
2
rμηðk� jÞ:

And, using the fact that E½ð:Þ2�Z E½ð:Þ�ð Þ2, we have

EJΦðk�1;jÞer�1=N J2rμ
η
2ðk� jÞ:

Hence, we have

E
zðkÞr �zðkÞ


�
rL

ffiffiffiffi
N

p Xk�1

j ¼ 0

μ
η
2ðk� jÞrL

ffiffiffiffi
N

p μ
η
2

1�μ
η
2

Next, using the result from Proposition 1 and following the proof of Proposition 2, we get the
required bound when the step-size rule is chosen as mentioned in the statement of the
proposition. □

The bounds obtained in Propositions 2 and 3 essentially differ in their network-induced error

terms. If there are no data losses, i.e., if ϕðk½l�Þ
rj ¼ 1 for all links at all iterations, then

μ¼ λ2ðW 2Þ ¼ s22ðW Þ and we get the same bound as in Proposition 2. In Eq. (23), the
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computation of E W ðk½l�Þ� �2h i
is not trivial in general. We consider a specific case where the

failure probabilities are equal across all links, i.e., random variables ϕðk½l�Þ
fr;jg ; fr; jgAE are defined as

ϕðk½l�Þ
fr;jg ¼

0 with probability ρ

1 with probability 1�ρ

(
ð24Þ

for some failure probability ρ.

Proposition 4. Besides the conditions considered in Proposition 3, let us assume that the
communications failure probabilities are uniform as stated in Eq. (24), then the bound in
Eq. (23) is satisfied with μ¼ λ2 ρþ ð1�ρÞW� �2 þ 2ðρ�ρ2Þ bW	 


where

bW ¼

P
jAN 1

W
2
½1;j� �W

2
½1;2� … �W

2
½1;N�

�W
2
½2;1�

P
jAN 2

W
2
½2;j� … �W

2
½2;N�

⋮ ⋮ ⋱ ⋮
�W

2
½N;1� �W

2
½N;2� …

P
jAN N

W
2
½N;j�

26666666664

37777777775

Proof. The weight matrix at some iteration can be written as

Wk½l� ¼ I þ
X

fr;jgAE
bWrj

ϕk½l�
fr;jg ð25Þ

where bWrj
is a symmetric matrix whose elements are defined as

bWrj

½l;m� ¼
W ½r;j�; if fl;mg ¼ fr; jg; lam

�W ½r;j�; if l¼m¼ r or l¼m¼ j

0; otherwise

8><>:
Thus,

E W ðk½l�Þ� �2h i
¼ I þ 2

X
fr;jgAE

bWrj
E½ϕfr;jg� þ 2

X
fr;jg;fl;mgA E;
fr;jga fl;mg

bWrj bWlm
E½ϕfr;jgϕfl;mg�

þ
X

fr;jgAE
ð bWrjÞ2E½ϕ2

rj�

Since E ϕfr;jg
� �¼ E ϕ2

fr;jg
h i

¼ 1�ρ, and E ϕfr;jgϕfl;mg
� �¼ ð1�ρÞ2 in the above equation, letting

ϱ¼ 1�ρ we have,

E W ðk½l�Þ� �2h i
¼ I þ 2

X
fr;jgAE

ϱ bWrj þ 2
X

fr;jg;fl;mgA E;
fr;jga fl;mg

ϱ bWrj
ϱ bWlm þ

X
fr;jgAE

ϱð bWrjÞ2

¼ I þ 2
X

fr;jgAE
ϱ bWrj þ 2

X
fr;jg;fl;mgA E;
fr;jga fl;mg

ϱ bWrj
ϱ bWlm þ

X
fr;jgAE

ðϱ bWrjÞ2

þðϱ�ϱ2Þ
X

fr;jgAE
ð bWrjÞ2 ¼ I þ ϱ

X
fr;jgAE

bWrj

 !2

þ ðϱ�ϱ2Þ
X

fr;jgAE
ð bWrjÞ2
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Now, since I þPfr;jgAE bWrj ¼W , we have,

I þ ϱ
X

fr;jgAE
bWrj ¼ ρI þ ð1�ρÞ I þ

X
fr;jgAE

bWrj

 !
¼ ρI þ ð1�ρÞW

Further, since
P

fr;jgAEð bWrjÞ2 ¼ bW , the result follows.
3.3. Optimizing the number of neighbourhood averaging cycles for faster convergence

In this section, we analyze the expected convergence performance of the distributed algorithm
within a given time interval Tc. In this context, the medium access control (MAC) protocol used
and its properties will be of interest.
A host of MAC protocols have been explored for distributed applications such as sensor

networks in the last several years [40]. The IEEE 802.15.4 standard is a low-power and low-data-
rate protocol suited for many distributed sensing/control applications where the inter-member
distances are in the order of tens of meters [41]. Besides this and a range of other application-
specific standards such as KNX [42], general wireless network standards such as IEEE 802.11
and IEEE 802.16 are also frequently considered respectively for local-area or wide-area
applications. Since the wireless medium has to be shared by different communicating parties,
various multiple access techniques are considered. While slotted or unslotted CSMA/CA is used
in IEEE 802.15.4, and a similar access protocol is used in the IEEE 802.11 family, various forms
of time-domain multiplexing are considered in other standards such as IEEE 802.16.
For networks where the members communicate only in the neighbourhood, access

mechanisms similar to CSMA/CA or cluster-based TDMA can be useful (see, e.g., [43] for
TDMA-based MAC protocol in vehicular ad-hoc networks (VANETs)). The protocols are
designed to avoid data collisions but the possibility of data collision or inter-cluster interference
cannot be completely eliminated. For the problem considered in this paper, we do not go into the
specific details of the data transmission protocol but assume that in carrying out the distributed
optimization algorithm, the start of the steps (19) and (15b) (which also includes the gradient
computation part) are synchronized at each iteration. Step (19) includes η rounds of inter-member
Fig. 1. Optimal η for various communications graphs and communication-computation time ratios.
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communications and we assume that, after each round of communications, which includes
multiplexed communications between all neighbouring pairs, each member r is aware of which
of its neighbouring members received the data packet sent by it and hence aware of which of the
bidirectional data links worked without error.

Given the time Tc available for computing ϑ, we intend to determine the optimal choice of η to

minimize the bound on (the expected value of) h bvðκÞr

	 

�hðv�Þ where κ is the number of

iterations of the main algorithm completed within Tc. In this context, let CC be the time required
for computations at each node for step (15b) (including the subgradient calculation) and let
CI ¼ δICC be the total time required for each round lANη of communications. Further, let
Tc ¼ δTCC. Let us first consider the case of ideal communications where the link failure
probability is negligible. Following the bound in Eq. (21), it is obvious that the bound varies
inversely as κ and decreases with the decrease in the value of s2ðW Þ. To find the optimal values
of the parameters, we solve the following optimization problem:

min
κ;ηAZþ ;W AW

1ffiffiffi
κ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6

ffiffiffiffi
N

p
sη2ðW Þ

1�sη2ðW Þ

s
ð26aÞ

subject to

κðηδI þ 1ÞrδT ð26bÞ

γrκ ηrγrm; r ¼ 1;…;N ð26cÞ
where γr represents the energy consumed at member r during a round of communications and γrm
is the energy available in it for complete optimization during the time interval Tc. Constraint
(26c) can be useful in situations where the members have limited source of power to operate
autonomously for a long period of time.

We can solve Eq. (26a) in two stages: the first to optimize W in order to get the smallest
s2ðW Þ, and the second to find η and κ. The first problem can be cast as the problem
of minimizing the spectral norm of W �11T under the constraint WAW where W is defined
in Eq. (14) [44]. The second problem is a nonlinear integer programming problem with two
integer variables only and it can be solved by a search over values of κ and η satisfying the
constraint (26b).

Example: For a simple illustration, we consider an arbitrary network of 10 members and
analyze the solution of Eq. (26a) under various network connectivity conditions. Assuming
δT ¼ 50, we compute the optimal η� minimizing the objective in Eq. (26a) under the constraint
(26b) for various values of s2 and for δI ¼ 0:5; 1 and 1.5. The results are plotted in Fig. 1(a),
where we can observe that as the algebraic connectivity of the communication graph decreases,
the optimal choice of η increases. For a poorly connected graph, additional cycles can enhance
the performance to a significant extent. Note however that we have not considered the energy
constraint (26c) in these computations. We can also observe from the figure that the optimal
values remain more or less the same for three different choices of δI.

Next, let us analyze the case of non-ideal communications where we assume that the
probability of failure of each link and hence the loss of data packets through it is ρ40. In general
the data loss probability can be reduced by increasing the transmission power and hence the per-
round energy consumption γr is a function of the intended packet loss probability. Hence, the loss
probability ρ can be considered as an optimization variable. Following the bound result in
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Proposition 4, we consider the following optimization problem for computing the optimal
parameters:

min
κ;ηAZþ;ρA ½0;1Þ;W AW

1ffiffiffi
κ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6

ffiffiffiffi
N

p
μ

η
2

1�μ
η
2

s
ð27aÞ

with μ¼ λ2 ρþ ð1�ρÞW� �2 þ 2ðρ�ρ2Þ bW	 

subject to Eq. (26b) and

γrðρÞκ ηrγrm; r ¼ 1;…;N: ð27bÞ
Problem (27a) is a nonlinear mixed-integer optimization problem and will have to be solved

using numerical search over the feasible values. Clearly, W can be obtained first as mentioned
earlier. In general, the function γrðρÞ will have to be reliably known in order to obtain meaningful
results. However, if ρ is fixed, the computations will be similar to those in the previous problem.
Example: We consider an arbitrary graph of 10 nodes, which is undirected but connected, and

compute the matrix W for which s2 is computed to be equal to 0.45. We consider various data
loss probabilities and optimize η to minimize the bound of Proposition 4 under constraint (26b).
The results which are shown in Fig. 1(b) largely resemble those in Fig. 1(a) since an increasing ρ
essentially increases μ. So under a higher data loss probability, additional communication cycles
will typically improve the convergence per unit time.
4. Distributed-optimization-based model predictive coordinated control under stochastic
disturbances

In this section, we consider the implementation of the distributed-optimization-based
coordinated MPC scheme for subsystems with stochastic uncertainties. Let us assume that
νrðtÞ, t¼ 0; 1;… and wr(t), t¼ 0; 1;… are independent and identically distributed (i.i.d.) random
vectors with means EðνrðtÞÞ ¼ 0 and EðwrðtÞÞ ¼ 0, and covariance matrices E νrðtÞνTr ðtÞ

� �¼ I and

E wrðtÞwT
r ðtÞ

� �¼Pwr. We look for a steady-state bounded variance condition for the stacked
state of the overall system, that is, we wish to achieve a condition

lim
T-1

1
T

XT
t ¼ 0

EJxðtÞJ2rΘ: ð28Þ

for a given Θ.
Before, we proceed, we consider a further assumption:

A6 For each rANN , D
Δj
r ¼ 0, j¼ 1;…; nνr .

Assumption A6 is not a mathematical requirement but is considered for simplifying some
computations. Clearly, if this assumption is considered, we can choose F

Δj
r ¼ 0; j¼ 1;…; nνr .

We compute the controller matrices off-line such that they offer a desired set Zr for Eq. (5)
under νrðtÞ and wr(t) lying in the sets Vr and Wr which we assume to be polyhedral sets defined
by vertices νðlÞr , l¼ 1;…;mνr and wðjÞ

r , j¼ 1;…;mwr . Then, we can express the augmented
subsystem (5) as a polytopic system. Assuming that the set Ξr is polyhedral, we follow the LMI-
based procedure in [31] to compute the subsystem controller matrices such that the projection on
the xr-subspace of a constraint-admissible invariant ellipsoidal set ZEr ¼ ζ∣ζTP�1

r ζr1
� �

,
Prg0 for (5) is maximized. When we have special structures in the controller matrices, the



A. Gautam et al. / Journal of the Franklin Institute 354 (2017) 3654–3677 3671
maximization problem involves bilinear matrix inequality constraints and the problem can be
solved by using the alternating semidefinite programming approach discussed in [31].

Once the controller matrices are computed, the corresponding polyhedral constraint-
admissible set can be used as Zr in problem (7). Further, in order to ensure that the overall
state satisfies condition (28), we wish that the augmented subsystem dynamics are such that the
condition

lim
T-1

1
T

XT
t ¼ 0

E
Q1

2
rxrðtÞ

2 þ R1
2
rurðtÞ

2� �
rΘr ð29Þ

is satisfied for a given Θr.
To ensure that condition (29) can be achieved, we compute the controller matrices such that

Eq. (5) satisfies

Qr ArQr Dr

QrAT
r Qr 0

DT
r 0 Σ�1

wr

2664
3775g0; Tr CzrQrC

T
zr

� �
rΘr ð30Þ

withAr ¼ Ar AΔ1
r … AΔnνr

r

� �
, Czr ¼ Q1=2

r

R1=2
r Kr

0
0

0
R1=2
r Hr

h i
andQr ¼ Inνrþ1 � Qr for some Qrg0,

and choose the cost matrix Pr to satisfy

Pr�AT
r PrAr�

Xnνr

j ¼ 1
AΔjT

r PrAΔj
r �CT

zrCzr ¼ 0: ð31Þ

Now, we have the following result.

Lemma 5. Let the augmented subsystem (5) satisfy Eqs. (30) and (31). Then, we have, at time t,

E
P1

2
rζrðt þ 1Þ

2
2

� �
r
P1

2
rζrðtÞ

2
2
�
CzrζrðtÞ

2
2
þΘr: ð32Þ

and hence the augmented subsystem state satisfies the relation (29).

Proof. Note that Eq. (30) implies that Eq. (5) is mean square stable and satisfies the Lyapunov

equation Qr ¼ArQrAT
r þ

Pnνr
j ¼ 1

AΔj
r QAΔjT

r þDrΣwrDT
r for some Qr⪯Qr [45]. And, Eq. (31)

ensures, at each time t, the relation

E
P1

2
rζrðt þ 1Þ

2
2

� �
¼E

P1
2
r ArðtÞζrðtÞ þDrwrðtÞ
� �2

2

� �
¼
P1

2
rζrðtÞ

2
2
�
CzrζrðtÞ

2
2
þTr ΣwrDT

r PrDr

	 

ð33Þ

Next, since Tr ΣwrDT
r PrDr

	 

¼ Tr DrΣwrDT

r Pr

	 

¼ Tr Qr�ArQrAT

r �
Pnνr
j ¼ 1

AΔj
r Qr

  

AΔjT
r

!
Pr

!
¼ Tr ðPr�AT

r PrAr�
Pnνr
j ¼ 1

AΔjT
r PrAΔj

r ÞQr

 !
¼ Tr CT

zrCzrQr

� �¼ Tr CzrQrC
T
zr

� �
rTr CzrQCT

zr

� �
rΘr, relation (33) follows.



Fig. 2. Steps in model predictive coordinated control under stochastic disturbances.
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Summing Eq. (33) from t¼ 0 to 1, we get Eq. (29). □

It is clear that, for a given xrðtÞ and ϑðtÞ, the local stochastic MPC cost at time t can be written
as

Jr xrðtÞ; ϑðtÞ; ξrðtÞð Þ ¼
P1

2
r xrðtÞ; ϑðtÞ; ξrðtÞð Þ

2: ð34Þ

In the overall MPC problem, the common variable ϑðtÞ needs to be optimized in real time
together with the local input variables. As mentioned in the earlier sections, we expect the
computation to take Tc time steps and the subsystems’ controller structure has been chosen to
allow future control inputs to be optimized. In the overall algorithm, we initiate the optimization
of ϑðtÞ every Tcc time steps where TccZTc. Once this process is initiated, the values of the
predicted local control input variables are implemented till the value of ϑðtÞ is obtained at the end
of Tc steps. We consider the check in Step 4 in order to ensure that the newly updated value of
ϑðtÞ is discarded if it is less optimal than the currently existing value or if it is infeasible for one
or more members. This can be useful at times when the distributed solution does not fully
converge and the average solution is sought to be used. Note that in Step 5, the values of
Grðt�1Þ and Mrðt�1Þ which depend on νrðt�1Þ, and the value of wrðt�1Þ may not be known
at time t. In that case, we find ξrðtÞ by minimizing, over νrAVr and wrAWr, the value ofP1

2
r xrðtÞ; ϑðtÞ; ξrðtÞð Þ

2 with

xrðtÞ ¼ Arxrðt�1Þ þ Brurðt�1Þ þ ErCϑϑðt�1Þ þ Yrxνr þ Drwr

ξrðtÞ ¼Grξrðt�1Þ þMrϑðt�1Þ þ Yrξνr þ Frwr

where Yrx and Yrξ are nνr -column matrices whose j th columns are respectively given by

Yrx½:;j� ¼ AΔj
r xrðt�1Þ þ B

Δj
r urðt�1Þ þ E

Δj
r Cϑϑðt�1Þ and Yrξ½:;j� ¼G

Δj
r ξrðt�1Þ þM

Δj
r ϑðt�1Þ.

We have the following result about the performance of the overall MPC algorithm:

Proposition 6. Given xrð0Þ; r ¼ 1;…N, let ϑð0Þ be such that problem (8) is feasible for all r at
time t¼ 0, then the MPC scheme of Fig. 2 guarantees that (a) the local MPC problems always
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remain feasible ensuring the satisfactions of constraints at all times tAZþ, and that (b) the

overall state satisfies the relation (28) with Θ¼ PN
r ¼ 1

Θr=λM where λM ¼minrANNλminðQrÞ.

Proof. If the local MPC problems are all feasible for some ϑðtÞ at time t, then because of the
invariance and constraint-admissibility of the sets SϑðtÞ and Zr; r ¼ 1;…;N, the problems will
be feasible with ϑðt þ 1jtÞ and the predicted local inputs at time t þ 1. If a new ϑðt þ 1Þ is
obtained after a complete or an incomplete optimization at time t þ 1, then, Step 4 of the scheme
in Fig. 2 ensures that the new value will be adopted only if all local MPC problems are feasible
with this value. Hence, since the problems are feasible at time t ¼ 0, part (a) of the statement
follows. Next, to see part (b), note that since the predicted subsystem dynamics satisfy Eq. (33),
we have, at time t,

E
XN
r ¼ 1

Jr xrðt þ 1Þ;ϑ�ðt þ 1Þ; ξ�r ðt þ 1Þ� �
rE

XN
r ¼ 1

Jr xrðt þ 1Þ;ϑðt þ 1jtÞ; ξ�r ðt þ 1Þ� �
rE

XN
r ¼ 1

Jr xrðt þ 1Þ; ϑðt þ 1jtÞ; ξrðt þ 1jtÞð Þ

r
XN
r ¼ 1

Jr xrðtÞ; ϑ�ðtÞ; ξ�r ðtÞ
� �� XN

r ¼ 1

Q1
2
rxrðtÞ

2 þ R1
2
ru�r ðtÞ

2� �
þ
XN
r ¼ 1

Θr

Summing the above relation from t¼ 0 to some T and taking the average in the limit T-1, we
get

lim
T-1

1
T

XT
t ¼ 0

E
XN
r ¼ 1

Q1
2
rxrðtÞ

2 þ R1
2
ru�r ðtÞ

2� �
r
XN
r ¼ 1

Θr

Since λM JxðtÞJ2rPN
r ¼ 1

Q1
2
rxrðtÞ

2 þ R1
2
ru�r ðtÞ

2� �
, part (b) of the statement follows. □
Fig. 3. (a) Inter-subsystem communication architecture for the example in Section 5, (b) Convergence of ϑð0Þ under the
standard dual-averaging-based algorithm and the proposed algorithm. Here, ~k represents time in units equal to CC and
vΔð ~kÞ ¼ vð ~kÞ�ð1 � ϑ�Þ with vð~kÞ ¼ vrð ~kÞ;…; vN ð~kÞ

� �
.



Fig. 4. Convergence of the local instances of the components of ϑð0Þ under ideal communication: (a) with standard dual-
averaging algorithm and (b) with the proposed algorithm.

Fig. 5. Convergence of the local instances of the components of ϑð0Þ under lossy communication: (a) with standard dual-
averaging algorithm (ρ¼ 0:2), (b) with the proposed algorithm for ρ¼ 0:2, and (c) with the proposed algorithm for
ρ¼ 0:5.
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5. Illustrative example

For a brief illustration, we consider an 8-member system each described by the matrices

Ar ¼ A¼ΦðτÞτ ¼ Ts
;Br ¼ B¼ R c Ts

0 ΦðTs�τÞdτ
	 


0
I2

h i
, where

ΦðτÞ ¼

�3 cosωτ þ 4 0 sinωτ �2ð cosωτ�1Þ
6ð sinωτ�ωτÞ 1 2ð cosωτ�1Þ 4 sinωτ�3ωτ

3 sinωτ 0 cosωτ 2 sinωτ

6ð cosωτ�1Þ 0 �2 sinωτ 4 cosωτ�3

266664
377775

with ω¼ 0:001; c¼ 1=6 and Ts ¼ 60, and Dr ¼D¼ 10�3diagð0:2; 0:2; 6; 2Þ and

Sr ¼

0 0:5ϕcr 0:5ϕsr

1 �ϕsr ϕcr

0 �0:5ϕsr 0:5ϕcr

0 �ϕcr �ϕsr

266664
377775

where ϕsr ¼ sin 2πr=N and ϕcr ¼ cos 2πr=N. This system represents the discrete-time relative
dynamics model of a satellite and is used in the satellite formation flying control problem. The
formation center and its orientation are unknown global variables, represented by ςðtÞ, which the
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member satellites determine in a distributed way during the formation reconfiguration. This
problem can be presented in the form of the problem considered in Section 2 with ϑðtÞ; nϑ ¼ 3
representing the updates or changes in the desired common variables (see, [27] for the details).
We consider the underlying communications as shown in Fig. 3(a) and for this, find the matrixW
that gives the fastest per-step convergence to the average. We obtain s2ðWÞ ¼ 0:478 for this
matrix. Further we consider CC to be in the order of 100 ms and considering inter-satellite
distances in the order of hundreds of meters, assume an IEEE 802.16 type standard with time-
division multiplexing for information exchange [46]. Therefore, we assume δI ¼ 0:25 and for
δT ¼ 100, find that an η in the range 4 to 6 can be chosen for a faster convergence.

For the local-level controller design, we consider input constraints JurðtÞJ1r1 for each
member and choosing Qr ¼ diagðI2; 0:1I2Þ and Rr ¼ 0:01I2, we use the unconstrained LQ
feedback gain as Kr for each r. Considering Tc ¼ 1 and the components ξ½0�r ðtÞ and ξ½1�r ðtÞ of
dimensions 2 and 5, choosing the largest invariant set inside a hypercube as the constraint set for
ςðtÞ; ϑðtÞð Þ and considering wrðtÞ; r ¼ 1;…;N to be componentwise uniformly distributed within
[�2,2], we compute the controller matrices, the cost matrices and the polyhedral invariant sets as
mentioned in the previous section.

Fig. 3(b) shows the system-wide convergence of the common variable ϑð0Þ for a set of
subsystem initial conditions under the standard dual-averaging-based algorithm of [29] and
under the proposed modified algorithm with η¼ 5. Note that the variable ~k on the horizontal axis
is not k but its unit value is an interval equal to CC. The comparison clearly shows a speedier
convergence with the proposed algorithm. The actual convergence of the local instances of ϑð0Þ
with increasing ~k is shown in Fig. 4. Part (a) of the figure shows the performance of the standard
dual-averaging algorithm whereas part (b) shows the performance of the modified algorithm of
this paper (with η¼ 5). The same set of step-sizes are used in both the cases. It is clear from the
figure that the proposed algorithm brings the local instances of the primal variable together from
the beginning. In Fig. 5, we show the convergence results under non-ideal communications.
While Fig. 5(a) shows the performance of the standard dual-averaging-based algorithm under
link failure probability ρ¼ 0:2, parts (b) and (c) of the figure show the convergence of the
variables under the proposed algorithm for ρ¼ 0:2 and 0:5 respectively. It is obvious that
proposed modification significantly improves the convergence performance.

Finally, we assess the performance of the scheme of Fig. 2. We consider 10 sets of arbitrarily
chosen member initial states and observe the performance. Choosing Tcc ¼ 4, and wrðtÞ ¼ 0 for
t4200, we evaluate the total cost with and without the optimization of ϑðtÞ at every Tcc. It is
observed that the online optimization of ϑðtÞ has, on the average, led to about 26% reduction in
the total cost computed according to Eq. (2). In the case when ϑðtÞ is optimized, we have
assumed inter-member communications with ρ¼ 0:2. Since the sampling interval is fairly large,
the distributed algorithm gives a converged solution well within the interval of Tc ¼ 1 time step.
Note that the online computational requirement of the constituent local MPC policies considered
in the proposed formulation is mostly low since the computation of controller matrices in Eq.
(4a) is carried out off-line and the resulting online MPC problem in a member is a convex
quadratic programming problem. In the simulations carried out in MATLAB R2013b in a
machine with a quad-core 2.4 GHz processor and 8GB RAM, the solution, with the
QUADPROG solver, of a single MPC optimization problem for a member is found to take
about 20 ms on the average. This time is well within the computational time CC considered for
the example and allows sufficient margin for associated auxiliary computations and for variations
under various computing environments.
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6. Conclusion

We have presented a modified dual-averaging-based distributed optimization algorithm for a
model-predictive coordinated control scheme that incorporates computational delays in its
formulation. The modified algorithm allows a tradeoff between communication and computation
cycles and improves the per-unit time convergence of the local instances of the global variable
and thus ensures an efficient receding horizon implementation. The proposed approach has been
assessed with a simulation example.
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